UCLA Physics OPEN-BOOK, OPEN-NOTE Fall 2020 Comprehensive Exam

9. (Electromagnetism)

A conductor is often modeled with a simple Ohm’s law:
f - UoE

in both real and Fourier space where og is the conductivity. However, a conductor is more accurately

modeled with a modified frequency dependent conductivity o = o¢/(1 — iw 55(32) (this frequency depen-
P

dent conductivity assumes quantities vary as e~**), which is equivalent to the modified Ohm’s law

where w,, is the plasma frequency of the conduction electrons, wf, = iifrf, ng is the density of conduction

electrons, and ¢g is the permittivity of free space. Finally, at t = 0, a small amount of excess charge @
is uniformly distributed throughout a sphere of radius r¢y with conductivity og at ¢t = 0.

(a) Using combinations of the relevant Maxwell’s equations and the continuity equation, derive the
equation for the charge density inside the sphere and then obtain the solution for it for the correct
initial conditions. Your answer should depend on ry, €y, 0¢, wp, and ¢.

(b) For copper, the density of conduction electrons is ng = 0.85 x 102m~3 and the conductivity is
6 x 107S/m. Show that for these parameters, r > ejw?/03. Under this condition, what is the
formula and the time in seconds that it takes for the charge density to decrease to 1/e of its initial
value at any location in the sphere?

57 Last revised July 15, 2022



UCLA Physics OPEN-BOOK, OPEN-NOTE Fall 2020 Comprehensive Exam

Solution: Solution by Jonah Hyman (jthyman@g.ucla.edu)

(a) We are looking for a differential equation for the charge density p. The modified Ohm’s law
we are given is in terms of the charge density p, the current density j, and the electric E.
The charge density and the current density are related by the continuity equation; the charge
density and the electric field are related by Gauss’ law. All in all, we have three formulas to
use for this problem:

6;‘5}%2‘; +j=00E (modified Ohm’s law) (306)
% +V-j=0 (continuity equation) (307)
vE=" (Gauss’ law) (308)

€o

The continuity equation and Gauss’ law include the divergences of j and E. To put the modified
Ohm’s law in this form, take the divergence of it:

oo g
€ow3 Ot

(V-j)+V-j=ooV-E

Then use the continuity equation and Gauss’ law to substitute for V- j and V - E:

o 0 ( o\ ([ 00\_. (o
€ows Ot ot ot 0 €
o0 Pp . Op 0o
60w38t2+8t+€0p70

*p €owydp
w 70 a—kwpp—o (309)

The differential equation for the charge density is therefore

0?p dp €ow?
er’yawngp:O for Y= P

(310)
o

This is the equation of a damped harmonic oscillator. It can be solved by using the ansatz for
an linear ordinary differential equation with constant coeflicients. (Note that even though this
is a partial differential equation in the time variable, there are no spatial derivatives in it, so
we can treat it as an ordinary differential equation.) This ansatz is

p(t) < e®*  for a constant « (311)
To find possible values of «, plug this ansatz into the differential equation to get
(& +ya+w))e* =0
o +ya+w =0 (312)

This equation can be solved using the quadratic formula:

—y £ /7 — 4w
2

a4 =

=—5xn for n= <1)2*w2 (313)
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The general solution for this differential equation is a linear combination of the solutions with
(62N

p(t) = Ae®+t + Be*-?

p(t) = e~ /D (Aent 4 Be M) (314)
To solve for A and B, use the initial conditions. The initial charge density is equal to the total
charge, divided by the volume of the sphere

Q
0)=po =
p(0) = po g
Plugging in this initial condition gives us

(315)

po = e~ (/2 (Ae"t + Be’”t) |t:0
=A+B (316)
We may also assume that %‘ +—o = 0, Le., that the charge is “held” for a moment and then
released. This implies that
dp
0= -
dt

e =A (75 + 77) ~(v/2t+nt | B (—% + fn) —(v/2)t—nt
0=A ( i

o) n (30

(317)
Equations (316) and (317) are a system of two equations for two unknowns (A4 and B). We can
use any method to solve for A and B

t=0

7 —A(2 7
p0(2+”>_‘4(2+77)+3(2+">
g
o-a(-3 o) (G0
2+77 + 5 1
= po (2 + 77) = 2An adding the two equations

=g ()

(318)
) =a(3-0) 8 G-
Po (2 n 5 + Ui
o=a(F0)en (30
g TR Ty T
= po (% — 77) = —2B7n adding the two equations
2
= B = ( / (319)
n
Plugging in our answers for A and B into the ansatz (314), we get the answer
D (v
with variables defined as follows

Q
Po = 7

5 V=
*777'0

N
RO
3 (oJs) 2 p
Two notes are in order. First, n is imaginary if v/2 < w,, i.e.,

(321)
ie., if E”“”’
is given by the real part of the above equation. Second, this equatlon tells us that the charge
density remains spatially uniform at all times

< 1. In this case, p(t)
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(b) Before plugging in the numbers, let’s simplify the expression:

2 627L0
2,2
€Wy €0 ( eom ) 6062nO
3 = p) = p) (322)
CTO UO mUO

The problem gives us some of these values:
no =0.85-10*m™3 and 0o =6-10"S/m (323)

This problem was given on an open-book, open-note exam, so the other values could be looked
up. Here, e is the charge of an electron, and m is the mass of an electron.

€0 = 8.854 - 10712 F /m; e=1.602-107C;  m=09.109-10"% kg (324)
Plugging all these values into a calculator, we get

2, 2 2

EqW

Cp 00 ~59-10° < 4 (325)
[oh maog

Before proceeding, it might be useful to think about how we would go about doing an approx-
imate calculation on a closed-book exam without a formula sheet. Instead of memorizing the
values in (324), it is probably easier and more useful to memorize the following values:

po ~ 4m-10""H/m ~ 1075 H/m; ex~16-107C~2-10719¢; Melectron ~ 511 keV /c?

(326)
Note that one electron-volt (eV) is equal to 1.6 - 10719 J, so you don’t need to memorize a new
conversion factor, and we can rewrite the mass of the electron as

Melectron ~ 011 - 103 Je/CQ ~ . 106 J6/02 (327)

DN =

where, in a slight abuse of notation, we use e to mean the number 1.6-107!?, without any units.
Equation (322) can be reshuffled to make use of the easier-to-memorize numerical factors:

2, 2 2
€oWp €0€° T
2 2

og mog
606262n0
= 2,2
mclod
eng . 1
=— 5 using = (328)
o(22)2 coro

Substituting in the approximate numerical values (and ignoring units now that everything is in
ST units), we get the following:
wp (2-10719) (10%)
2 2
9 1076 (5 -10) - (5 -108)
16-10°°
~ 1075 (329)

Q

2
‘o

2
:2)’1 < 4.

log

which is enough to tell us that
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2 2 2
Recall from part (a) that v = % So the condition that 6?:;’“ < 4 is equivalent to the

]

condition that
2
2 <4
p
This is in turn equivalent to the condition that

Y
5 <wp (330)
Recall from part (a) that n = (%)2 —w2. Given the condition § < w,, we can approximate
1 by
N iw, with |g|> 2 (331)

2
Plugging this condition into our part (a) answer (320), we get

p(t) = %e,(m)t [eint 4 =nt]

2

€ow

p(t) = poe” /P cos(wyt) with py = =" (332)
sor

371' 0 ago

Because of the initial exponential factor, the time it takes for the charge density to decrease to
1/e of its initial value is equal to the time constant in that exponential factor, which is 7 = 2/~.
Plugging in the known expressions for v and w,, we get

T=—
v
20’0

2
6()wp

20’0
o e2ng
o (%)

200m

T (333)

e2ng

We can plug in the exact numbers to get

[+ ~5.0-10"1s] (334)

Alternatively, we can do the approximate calculation as follows, using the memorized values
mentioned above:
2
20’0 (mec )

engpc?
2(3 - 10°) (5 - 10°)
T (2-10719) (1029) (2 - 108)>

1
~ 10712
6 0 S

~0.06-10" 25
~6-107 s (335)

T =

which matches the exact result pretty well. In either case, the point is that any excess volume
charge placed on a conducting sphere becomes neutral almost instantaneously. This justifies
the typical electrostatics assumption that all charge on a conductor moves to the surface.
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