UCLA Physics OPEN-BOOK, OPEN-NOTE Fall 2021 Comprehensive Exam

11. (Statistical Mechanics)

When a certain molecule A absorbs a photon it decays into molecules B and C according to the reaction
v+ A — B+ 3C. The time reversed process is also possible. The masses of the molecules are m4, mpg,
and m¢. Let Ey be the binding energy (i.e. Ej is the minimum photon energy needed to produce the
reaction).

Assume the validity of non-relativistic statistical mechanics and Maxwell-Boltzmann statistics for the
molecules. Further, ignore the internal degrees of freedom of the molecules.

(a) Now suppose some A, B, and C molecules are placed in a box, whose walls can absorb and emit
photons, and allowed to come to thermal equilibrium at temperature 7. What is the density per
unit volume, n4 of A molecules in terms of the densities np ¢ of B and C molecules? Your answer
should involve (ng, nc, ma, mg, mc, Ey) as well as fundamental constants.

(b) Now suppose that the photon v is replaced by another particle 4* which has mass m* (and is
relativistic), spin-1 (and so obeys Bose-Einstein statistics), and which is not emitted/absorbed by
the walls of the box. We start with some number of v* particles and molecules in the box and let
the system come to thermal equilibrium at temperature T'. Derive an expression for the density
N4+ in the box in terms of the densities of molecules n4, np, nc. Your answer can be given in the
form of an unevaluated integral.
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Solution: Solution by Jonah Hyman (jthyman@g.ucla.edu)

This problem asks for the relative number density of two different types of particles, which places
it into a common category of comp problem:

Chemical potential matching:

When a statistical mechanics problem asks you to compare the number of noninteracting classi-
cal particles of two different types, you should set the chemical potentials of each type of parti-
cle equal to one another.

The chemical potential is the free energy needed to add a particle of a certain type, i.e, the par-
tial derivative of F' with respect to N: u = g—f, | 1y For that reason, the following statements
are all equivalent for a system of noninteracting p7articles of types 1 and 2, where a particle of
one type can become a particle of the other type:

A. The system is in thermodynamic equilibrium.

B. The free energy of the system is minimized.

C. The change in free energy when a particle of type 1 becomes a particle of type 2 is zero.

D. The free energy needed to subtract a particle of type 1, plus the free energy needed to add a
particle of type 2, is zero.

E. The chemical potential of type 1 particles is equal to the chemical potential of type 2 parti-
cles: —pu1 + puo =0, or uy = po.

To find the chemical potential of a system of noninteracting classical particles of a certain type:
1. Calculate the partition function for that type of particle. For noninteracting, indistinguish-
able classical particles, the partition function for all the particles Z can be written in terms of
the partition function for one particle Z; using Z = Z{¥ /N.

2. Calculate the free energy for that type of particle using F' = —kT'In Z.

3. The chemical potential is the free energy needed to add a particle of a certain type, i.e, the
partial derivative of F' with respect to N: p = 9% | P

If there is a constant energy shift between the types of particles (i.e. each particle of type 1 has
an energy € greater than a particle of type 2), then the chemical potentials of the types of parti-
cles should have the same energy shift (the chemical potential for particles of type 1 is e greater
than the chemical potential for particles of type 2).

In chemical reactions, there are cases in which one particle of type 1 becomes multiple particles
of type 2. In that case, the chemical potential of each type of particle must be multiplied by the
multiplicity of the particle.

To find the partition function in the classical limit, we also need to know about the phase-space
formalism:

Phase space:

Consider a particle in d-dimensional space. The particle’s state can be defined by its position
x = (21,...,%q), its momentum p = (pi,...,pq), and any internal degrees of freedom (e.g.
spin). Assume that there are g possible internal states for the particle.

The position and momentum of the particle constitute a point in 2d-dimensional phase space:
(T1y. s Tdy P1y- - s Dd)-

To solve problems, discretize phase space by dividing it into 2d-dimensional boxes. The volume
of each box is h, where h is Planck’s constant (which has units of position times momentum).
The number of boxes in a phase-space volume d%p d%z is the total volume divided by the vol-
ume of each box, or ddz;bffdx. Each box has g possible states, corresponding to the internal de-
grees of freedom of the particle. Therefore, the number of possible states in a phase-space vol-
ume d% d%z is

d%p dz
B

Number of possible states in a phase-space volume d%p d’z = g (181)
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In this problem, we need to match the chemical potential of the reactants (one photon and one A
molecule) with the chemical potential of the products (one B and three C' molecules).

(a) Since the problem specifies that the walls can absorb and emit photons, the chemical potential
of the photon is zero. Therefore, the chemical potential of the reactants is solely due to the A
molecules.

We will set the zero point for energy to be a product state B 4+ 3C with zero kinetic en-
ergy. Since the binding energy of the reaction is Ej, the product state B + 3C has energy Ej
greater than the A molecule. To account for this, we apply a negative energy shift —F} to each
A molecule.

Using the phase-space formalism for classical noninteracting point particles, the partition func-
tion for a single A molecule is

d*pd? 1
AW :/ 1;13 TePEA where B = T (182)

The energy of a single A molecule is its nonrelativistic kinetic energy, minus the energy shift:

2

p
Ey= — E 183
4= o~ By (153)

Plugging this in and carrying out the spatial integral for the partition function, we get

fia= [ Lo ()

P
3, 13

— PEv / d ‘Zg xefﬁpz/(QmA)

8B, V[ 3, 0=Bp?/2ma) g 3
=e 73 d’pe since [ d°x =V

BE, 47TV o —ﬂPQ/(2mA) . . .
=e e dpp“e converting to spherical coordinates (184)

0

This Gaussian integral can be solved by a trick. Let A = 8/(2ma) = (2makT)~!. Then, we
can write this integral as a derivative of the standard Gaussian integral with respect to A:

/oo dpp 67Bp2/(2mA) _ /OO dpp 67.»4102
0 0

__i - —Ap?
= A U dpe }

The standard Gaussian integral can be taken by a change of coordinates u = A'/2 p:

oo 1 o0 2
dp AP = / due ™
/ 7 ),

1 /°° 2
= — due™™  since the integrand is even
2.41/2 .
1 7T1/2 & 2
= ———— using the result / due™® = gt/?
2 Al/2 .
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Taking the derivative of this with respect to A, we get

e d [1xl/2
d -Bp*/(2ma) _ _ 4 |1
|, e |57
1 7T1/2
WEE

= %71/2 . (QmAk:T)S/2 by definition of A= (2makT) ™"

Plugging this back into (184), we get

4 1
Zya = cPE ATV (771/2 - (2mAkT)3/2>

’ h3 \ 4
BE, 2mmakT 3/2
=e’ 7V 2
v n2 \Y?
Zia=e’Po—— for Ap=|-—-" 185
LA =¢€ )\?4 or A4 (ZWmAkT> (185)

The quantity A4 is called the thermal wavelength.

Assuming the A molecules are indistinguishable and noninteracting classical particles, the par-
tition function for all A molecules is related to the partition function for one A molecule. For
simplicity, in this part of the solution, N refers to the number of A molecules.

ZfVA 1 VN B2 1/2
Za=2iA_ LV = (L 186
ATIND TNy 4 (27rmAkT> (186)

To find the free energy for the A molecules, use the definition of F' in terms of Z:

FA:—k‘TIHZA
B 1 ngg, VY
= —kTIn (]V'e b@
= —kT (Ine™?P 4+ m VY —n A4 —InN!)  using In(AB) =lnA+InB
=—kT(NSE,+ NInV —3NInAs —InN!) using Inz" =nlnz

1
= —NEy, — NkTInV +3NkTIn g + kT InN! using 5 = T
~ NE,— NEkTInV + 3NKTIln A + kT (NI N — N)
by Stirling’s formula In N!~ NIlnN — N (187)

To get from the free energy to the chemical potential for the A molecules, take the partial
derivative of the free energy with respect to IV:

OF,

HaA = N

TV
1
= —E,— kTInV +3kTInAa + kT (1nN+N <N> - 1)

=—FEy—kTInV +3kTInAg + kT'In N
=—E,+kT(—InV +3lnAg +InN)

N
=—E,+kTn (VAi)
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Since N is the number of A molecules, N/V is the number density of A molecules, which we
will call na:

h2 1/2
na = —Eb + kT In (nAAigq) for AA = (W) (188)

The partition functions for the B and C particles are essentially the same as for the A molecules,
except for the lack of an energy shift —Fj:

3, 13 3, 13
Z1,B = / d ];1? Le=Br*/(2ms)  and Zic = / d ];l? L —Bp*/(2me) (189)

We can therefore follow the same process as for the A molecules to get the chemical potentials
for the B and C particles:

) h2 1/2
pp =kT (npA}) and pe =kTl(ncA) for A = (27rka) (190)

Note that in the classical limit, where n; < % (when the gas is very diffuse), the chemical
potential is negative. This is a general fact for a classical ideal gas.

To complete this part of the problem, we need to match the chemical potentials. At ther-
modynamic equilibrium, the free energy of the system is minimized. Therefore, the change in
free energy when an A molecule and a photon become a B molecules and three C' molecules
is zero. Since the chemical potential is the free energy to add a particle, this condition means
that

—pa+pup+3uc=0
= pa = pp + 3uc (191)

Note the extra factor of 3, which comes from the fact that one A molecule produces three C
molecules, instead of just one.

We now plug in the earlier expressions for the chemical potentials (188) and (190):
—Ey + kT In (naX%) = kT'In (npA}) + 3kT In (ncA) (192)

The last step is to solve for nu:

kTIn (naX%) = By + kT'In (npA%) 4 3kT In (ncAy)
In (na)y) = % +1n (npA}) + 31n (ncAd)
In (nA/\i,) = % +In [(nB/\gB) (nc)\%)s} using logarithm rules

E E
naNy = exp (_kﬂb’ +In [(nB)\?j;) (nc)\%)s})
nA)\i = ePv/(KT) (TLB)\SB) (nc)\%)g

ApA3\°
na = B/ 0T) oy ( ;o) (193)

1/2
Using the definition of the thermal wavelength, \; = (%) , we can simplify the last
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factor:

2 \V2 e (32
)\B)\% - 2rmpkT 2rmckT

>\A 2 1/2
2rmakT

B h2 3/2 ma 1/2 104
\27kT mpmg, (194)

Plugging this into (193), we get the final answer:

3
h2 3/2 m 1/2
— oBv/(kT) 3 e A
na=e nphe <<27rk:T) <m3m3c>

B2 9/2 m 3/2
— oBu/(kT) 3 A 1
na=e nphe (27rk;T> (mBm%> (195)

Ey/(kT)

Note the Boltzmann factor e This factor means that since the A molecules have lower
energy than the B and C' molecules, the number density of the A molecules is correspondingly
greater.

(b) As in part (a), our starting point involves matching the chemical potentials for the reactants
and products in the process

v 4+ A— B+3C (196)

Only a slight modification of our part (a) chemical-potential matching equation (191) is needed
here. In part (a), the chemical potential of the photon is zero; here, the chemical potential of
the v* particle is nonzero and must be accounted for. The change in free energy when an A
molecule and a photon v* become a B molecule and three C' molecules is zero, meaning that

—pA = Hys + pB +3pc =0 (197)
We can solve this equation for p,«, which we don’t know. This gives us
fyr = —pa + B + 3pc (198)

Plugging in the expressions for the chemical potentials of the A, B, and C molecules, (188) and
(190), we get

fiye = Ey — kTIn (naXy) + kT 1In (npAh) 4 3kT In (ncAY)

3 3\3
= By + kT'n (”B”C) +kTIn (ABAC> (199)
na )\A

Now that we have the chemical potential for the v* particle, how do we find the number density
of v* particles? The key is the occuptation number formalism:
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Occupation numbers:

When a statistical mechanics problem describes a system of bosons or fermions, you should
consider using occupation numbers.

Occupation numbers describe the average number of particles in each state.

1
. C e . . X FD .
For fermions (Fermi-Dirac statistics): n" " (eg, 1) = Bl 11
(200)
1
. . . . . BE _
For bosons (Bose-Einstein statistics): n°~ (eg, u) = T —
(201)

For classical particles (Maxwell-Boltzmann statistics): n™B (e, u) = e #(x=1) (202)

Here, €, is the energy of the state k, u is the chemical potential, and 8 = 1/(kT).

In this case, the v* particles are spin-1 particles, so Bose-Einstein statistics apply. They are
relativistic particles, so the energy of a single particle v* state with momentum p is given by
the standard energy-momentum relationship in special relativity:

&(P) = V(pe)? + (mac?)? (203)
Therefore, the average number of v* particles per state of momentum p is given by
1

BE( \ _
" (p) = eBex(P—hyx) _

= [exp [8 (VP + o7 - )] 1] (204)

To get the total number of v* particles, use the following relation:

Number of particles in a phase-space volume d*p d®z

= (Number of states in the phase-space volume d>p d3x) - (Average number of particles per state)
3 3
(181) tells us that the number of states in the phase-space volume d3p dz is g4 ’;lf L. Here,
g is the number of internal states for each v* particle. Since the electron is a spin-1 particle,
there are three internal states and so g = 3. The average number of particles per state is just
the occupation number n?¥(p) found in (204). With that in mind, we get

C

Number of 4* particles in a phase-space volume d*p d®z
Bpd3z -1

=325 exp 8 (V) + () — o )| —1] (205)

To find the total number of v* particles, integrate over phase space:

d3pd3z -1
Ny =3 B3 [exp [5 (\/ (pe)? + (mac?)? — N’y*)] - 1}
The integral over d3z yields the volume of space:
d’p 2 2)2

Ny =3V [ 52 [exp [6 (Vo) + (mae?)? = o )| -1

To find the number density of v* particles, divide both sides by V:

o= 5 =8 [ G2 oo [ (Vo T omer )] 1] e

-1
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We can simplify this using our expression for . (199):

an3 )\B>\3 3
exp (—Buy-) =exp | =B | Ep + kT'In (C) +len( C>
na AA
3
I (an%) T <)\B)\%> ]
na )\A

3\ -3
— = Bo/(kT) na ABAG
npng, Aa

= exp [ﬁ (W—M*ﬂ _ (Ve rmP B, ) /(kT) (m) </\B>\%>3

an% A
(207)

— o By/(kT)

exp

Therefore, plugging into (206), we get

—1
Ep | (Voo tm.2-5) /(1) (N4 ApAd\
w3 [ [ () (2ot (208)

Using (194) to simplify the factor (/\Jf\jé)7 we get

3 2 22 2 —9/2 —3/2 -1
n7*=3/dp [e( @) +<m*c>Eb)/(kT>< na >< h > < mA3> _1]
mpmeg

h3 npng, 2rkT

(209)
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