UCLA Physics Fall 2019 Comprehensive Exam

1. (Quantum Mechanics)

A particle of mass m in two dimensions is confined by an isotropic harmonic oscillator potential of fre-
quency w, while subject to a weak and anisotropic perturbation of strength o « 1. The total Hamiltonian
describing the motion of this particle is

H=Hy+V = % % + %mwQ(nc2 +y?) + amw?zy
(a) What are the energies and degeneracies of the three lowest-lying unperturbed states?
(b) Use perturbation theory to correct the energies to first order in .
(¢) Find the exact spectrum of H.
(d) Check that the perturbative results in part (b) are recovered.
)

(e) Assume that two identical electrons are subject to the same anisotropic Hamiltonian. Write down
the explicit wave-functions and degeneracies of the two lowest energy states.
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(a)

Solution: Solution by Audrey Farrell

Clarification: This question wants the three lowest lying states, not energy levels. These
three states comprise two energy levels: a non-degenerate ground energy level and a two-
fold degenerate excited energy level. Since we use “ground state” and “excited state” to
describe these degenerate energies, it’s easy to misinterpret this question and do a lot more
work than necessary.

The unperturbed Hamiltonian is

p2 p2
x Yy 2 2 2

And the time-independent Schrédinger equation is

h? < 02 0?

1
o) = |5 (g + 53) + 3me(a? +9)| o) = Bwtonn)

2m

This is a separable differential equation, so we take ¢(z,y) = ¥(x)¥,(y), and we have two
independent one-dimensional harmonic oscillator problems, with £ = F, + F,. For a 1D

harmonic oscillator F; = hw (nl + %), so the total energy is

Epp =hw(m+n+1)

where m gives the state of the 1D harmonic oscillator in x, and n gives the state of the 1D
harmonic oscillator in y. The three lowest-energy states are then

FEy = Eyy = hw — non-degenerate ground state
E, = FEyg = Eg1 = 2hw — 2-fold degenerate excited state

Clarification: The question asks for corrections to the first order in «, the first order correction
to the groundstate is zero. You do not need to go to higher orders to find the first nonzero
correction, just leave it there.

The perturbation is H = amw?zy. We'll use the ladder operators in each direction: a and af
in the z-direction, b and b in the y-direction. Both sets of operators have the same properties:

aflny =vVn+1n+1), aln)=+/njn—1)
Rewriting x and y in terms of these operators:

_ t IR _
x—m(aJra), y—m(qub), 8= W

The ground state is nondegenerate, so we can use nondegenerate perturbation theory and the
first order correction to the ground state |mn)y = |00) is

ESY = (00| H'|0050c{00|[0055c(00| (ab + ab" + a'b + a'b7)[00) = <00[11) = 0

You can also use symmetry to show that the first order correction to the ground state has to
be zero, since the ground state wave function of a harmonic oscillator potential is symmetric
(even), and the x and y operators are antisymmetric (odd), so the expectation value of z and
y must be zero (the integral of an odd function over all space is always zero).
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The first excited state is degenerate, so we’ll use degenerate perturbation theory with the basis
yn = A|10) + B|01), ¢ = C|10) — D|01). The perturbation matrix H;;oc(i|zy|j)

(<10|wy|10> <10|:Cy|01>> 1 <0 1)

(01|zy[10) (O1|zyl01)) — 238 \1 O

2
p_ mwa (0 1) o 0 1y (0 1 _«
i = 23 (1 0>_2h‘*’<1 0>_8<1 0)’ 5_271”

The first order corrections EF) are the eigenvalues of this matrix:

o I

—0->EY = 4=+
g B 1

fuw

det (H' ~1E{) = ‘ 2

The easiest way to solve this system exactly is to switch to a coordinate system oriented along
y = x, using the transformation

r+y -y
X = Y =
V2 V2
1 1
X2=§(x2+y2+2xy), Y2=§(x2+y272xy)HX2+Y2=x2+y2, X?-Y?=2ay

so that the Hamiltonian is still separable.

Px Py 1 2 2
=4 4+ 27X (]
H m+ + [( +Oz)X +(1 a)Y]

Just like in part (a) we have two separate harmonic oscillators, with E = Ex + Ey, but this
time the two do not have the same frequency.

E—mm<m+;>+mm<n+;>

Here we take the approximation v/1 + a ~ 1 £ § since a « 1.

—_

E00=% (M—kﬂ)m—m(l—s—%—kl—%):fw

1 1 « a a
Ew:im}(&/m-&-M)m§hw(3(1+§>+1—§>:2hw+§hw
|

E01=%hw(\/1+a+3\/1—a)%fhw(l—i-%—k?)(l—%)):%w—%hw

This matches the results from perturbation theory to first order in a.

Neglecting Coulomb interactions between the two electrons, each can be in a spin up or a spin
down state, and can be in one of the 2 eigenstates of the Hamiltonian with lowest energies: |00)
with energy hw or [01) with energy 2w — $hw. The energy states of the two-electron system
are then £ = FE; + Fs, and the wave functions are the products of the two wave functions of
the Hamiltonian ¢, (71) and ., (72) with the spin-state wave functions of the two electrons.

The non-degenerate ground state has both electrons in the |00) eigenstate of the Hamiltonian,
with one electron spin-up and one spin-down:

1

Eo = Eoo + Eoo = 2hw, (71, 72) = poo(71)wo0(72) - 7 (1> =111)
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The first excited state has one electron in the |00) state and one in the |01) state, and each can
be either spin up or spin down, so it is a 4-fold degenerate state:

Ey = Ego + Eg1 = 3hw + %ﬁ% Y(r1,72) = —= [poo(71)wo1(72) + wo1(71)Poo(72)] - % (1 =11D)
= 5 Lo (T )eon () = oo )eun()] 5 (| 1)+ 4D)

[©00(71)01(72) — o1 (71)poo(72)] - | 11)

[00(71) 01 (72) — @o1(71) w00 (72)] - [ 1)

S-Sl S-Sl




