UCLA Physics Fall 2019 Comprehensive Exam

4. (Quantum Mechanics)

Find the differential and total cross sections of slow particles (small velocity) from a spherical delta
potential V(r) = Voé(r — a). You may use partial wave analysis.
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Solution: Solution by Audrey Farrell

I'm going to briefly walk through partial wave analysis in case you need a refresher, and because I
need a refresher. There’s a note where you would ideally start solving this problem for the comps.

For spherically symmetric potentials V' (r) the solutions to the Schrédinger equation are separable
¥(r,0,¢) = R(r)Y," (0, ¢)
and the radial function u(r) = rR(r) is the solution the the differential equation

K d? R2 11+ 1)
[2mdr2+v()+2m 2

u(r) = Eu(r)

The third term in this equation is the centrifugal contribution.

Partial wave analysis splits the problem into three regions: the radiation region (kr » 1), the
intermediate region (V' &~ 0), and the scattering region. In the radiation region, both the potential
and the centrifugal terms are negligible; in the intermediate region, the potential is negligible but
the centrifugal term is not; in the scattering region all terms contribute significantly.

In the radiation region our radial equation simplifies to (d? + k?)u(r) ~ 0, which has the familiar
solution u(r) = Ae*" + Be~ 7. The e~ term represents incoming waves rather than scattered,
so we take B = 0, and the radial equation at very large r is

ikr

R(r) ~

in the radiation region
r

In the intermediate region our radial equation and general solution are

[dQ I(1+1)

dr? r2

+ k2 | u(r) ~ 0 = u(r) = Ar ji(kr) + Brng(kr)

However spherical Bessel functions do not represent propagating waves, and we want to only look
at outgoing waves. To represent the Bessel functions as outgoing and incoming waves, we use the
spherical Hankel functions

hl(l)(a?) = ji(z) + iny(z), hl(2) = ji(z) —ing(x)
At large r, hl(l)(kr) ~ e /r and hl(2)(k:r) ~ e~ /r 5o we only take the hl(l) term of the solution
R(r) ~ hl(l)(k:r) outside the scattering region

Now we can write the wave function outside the scattering region (V ~ 0) as

U(r,0,¢) = A <k + 3 Co b (kr) Y (0, ¢>>

lm

Since we're working with a spherically symmetric potential the wave function cannot be ¢-dependent,

so only m = 0 terms survive, and
20+1
Y(0) =
D(O0) = =

The customary way of writing the partial wave expansion (that you should have written on your
equation sheet) is

(cos @)

W(r,0) = ( ikz 4 i B2 4 1) a4y b >(kr)Pl(cos9)>
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For very large r hl(l)(/m“) ~ (—i) e fr, so

ikr

U(r,0) ~ A (ek + f(0) .

>, for r — o

where f(0) is the scattering amplitude

Ms

f(0) =) (2l +1)a; P(cos)

=0

which is what we actually want to find in this problem since

d 0

D(0) = dTUZ =[O | = Z 20+ 1)(20' + 1) af ay Py(cos ) Pr(cos8) —| o = 4m > (20 + 1) |ay[?
1,1 =0
ikz

The last thing we need before actually starting the problem is an expression for e
plane wave) in spherical coordinates. This is given by Rayleigh’s formula

(the incoming

0
Z (20 + 1) gi(kr) Pi(cos 0)

and our wave function outside the scattering region in spherical coordinates is

P(r,0) =A

18

it (sl 4 1) [jl(k;r + ik ay hl(l)(k‘r)] Pi(cos9)
1

0

This is where you would ideally start solving this problem on the actual exam assum-
ing you have the partial wave expansion written down on a reference sheet or memorized. I've
boxed the key equations above needed to solve this problem.

The problem simmers down to determining the partial wave amplitudes a;. To do so we need to
solve the Schrodinger equation in the scattering region (V(r) # 0) and match boundary conditions
with the exterior solution.

Slow particles is your hint to take only the [ = 0 term of the partial wave expansion right off the
bat. Slow particles suggests low-energy scattering, and so ka « 1 where k = +/2mE/h. In this limit
only the [ = 0 term is significant.

For r < a we have V' = 0 as well, so we can again take the general solution to the Schrodinger
equation when V' =0
sin(kr)

kr

U(r,0,0) = > [Apmji(kr) + Bunny(kr)] Y™ (0,6), 1= 0= thini(r) ~ Bjo(kr) = B

l,m

where we do not include the ng(kr) term in the wave function because it blows up at r = 0. This
is the interior solution that we need to boundary match with our partial wave expansion (exterior
solution) at r = a.

Keeping only

V(1) ~ A [or) + o 0 ()| Poos) = 4 | =507 ¢ ik (‘k)]

r kr
: ikr
_ 4 [Sln(k:r) gt ]
kr r
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There are two boundary conditions on t: 1) ¢ is continuous at r = a and 2) ¢'(r) = %{’ is

discontinuous at r = a. The first is straightforward:
A sin(ka) 4 ag etha _B sin(ka)
ka ka

(7)

The discontinuity in ¢’ is found by integrating over the radial equation for u(r) with { = 0:

52 d2u h2 2ma
-0 bl _ LAY —0 > Ay =
5 dr o + Jdraé(r a) u(r) 5o u + au(a) =0 u = u(a)

Since u(r) = rR(r), u'(r) = R(r) + rR'(r) > Au' = AR(a) + aAR'(a) = 24%aR(a). It makes our
lives easier to define the dimensionless constant

B =

2maa 2ma I}

K2 - AW = 72 ¢(a) = Ew(a)

Now we can evaluate the boundary condition at r = a:

dqz[}emt
dr |,._,

Taking the lefthand side of equation (8):

_ dqz[}vm‘
dr

=AY’ = =¢(a) (8)

rT=a

A . A . B B
LHS = <k [k cos(ka) + ik? ag ] — T2 [ksin(ka) + k ao e“m]> - ( cos(ka) — — sin(ka))
a

a a ka?

_ A 27,2 ika B 1 A : ika B :
- [k cos(ka) + ik® ag €] - cos(ka) o <ka [ksin(ka) + k ag €] Ta sm(ka))

The term in parentheses is zero by equation (7), so equation (2) becomes

Alcos(ka) + ik age™*] = B [cos(ka) + % sin(k:a)]

Using (7) to write B in terms of A gives

Alcos(ka) + ik age™™] = A [cot(ka) + Ifa] [sin(ka) + k ag ™|

ik ag et = £ sin(ka) + k ag cot(ka)e™ + s ag et
ka a
- ika . . 6 o /6 . ~ 6 o
tkage [1 +icot(ka) + Zka] =12 sin(ka) ~ Ta ka =

Here we have taken advantage of the fact that ka « 1, so sin(ka) ~ ka. We can also use this

approximation for the left-hand side, taking cot(ka) = Z?;((:Z)) ~ & and € ~ (1 + ika)

1

ka

1

ik ao(1 + ika) [1 + a

(1+ﬁﬂ=ﬁk%[1+ (1+@—%1+@]=B

Because ka « 1, the second term dominates and we can solve for the partial scattering amplitude

af
148

i

ka

ihao |14 (14 9) = (14 8)| ~ =2(14.8) = 5~ a0 >

In the limit where [ = 0 dominates, the scattering amplitude f(#) ~ ap and ¢ = 47 D(6), and so

aB \’ af \* _ 2maa
D)= 110F = (123) ~o-r({25) . p=200

13



