Fall 2019
Physics Comprehensive Exam

September 16, 2019 (Part 1) 9:00 - 1:00pm

Part 1: Quantum Mechanics and Classical Mechanics
6 Total Problems/20 Points Each/Total 120 Points

e Closed book exam.

e Calculators not allowed.

e Begin your solution on the question page.

e Use paper provided for additional pages. Use one side only.

e Write your name on EACH of your response pages, including the question
page.

e Return the question page as the first page of your answers.

e When submitting, please clip all pages together in question # order.

e If a part of any question seems ambiguous to you, state clearly your
interpretations and answer the question accordingly.

physics + astronomy



Question 1: Quantum Mechanics

A particle of mass m in two dimensions is confined by an isotropic harmonic oscillator poten-
tial of frequency w, while subject to a weak and anisotropic perturbation of strength a < 1.
The total Hamiltonian describing the motion of this particle is

2 2
_ N I S 2
H—H0+V—2m+2m+2mw(1: +v°) + amw’ zy (1)
a. (2 pts.) What are the energies and degeneracies of the three lowest-lying unperturbed
states?
b. (5 pts.) Use perturbation theory to correct the energies to first order in a.

(

(5 pts.) Find the exact spectrum of H.

d. (4 pts.) Check that the perturbative results in part b. are recovered.
(

4 pts.) Assume that 2 identical electrons are subject to the same anisotropic Hamil-
tonian (1). Write down the explicit wave-functions and degeneracies of the 2 lowest

energy states.



Solution

a. The unperturbed states of Hy are two dimensional harmonic oscillator states |n,n, >
with energies

Ep,n, = hw(ng +ny + 1) (2)

The three lowest energy states and their degeneracy d are

00 > hew d=1 (3)
01 > 2hw d=2 (4)
10 > 2hw d=2 (5)

b. The state |00 > is non-degenerate. The energy shift is given by non-degenerate first
order perturbation theory:

AEgy =< 00|V|00 >= amw? < 0]z|0 >< 0|y|0 >=0 (6)

The states |10 > and |01 > are doubly degenerate with d = 2. Their energy shifts follow

from degenerate perturbation theory. The interaction V' in the degenerate subspace is

< 01|V|01 > < 01|V]10 > 1 01
Vaxo = IVl V1 = —ahw (7)
< 10|V|01 > < 10|V|10 > 2 10

Thus, the 2hw states are split

oMo + %ahw % (10 > +]01 >) (8)
o — %ahw % (J10 > —o1 >) )
(10)

c. By changing to the canonical variables: X = (z +y)/v2 and Y = (z — y)/v/2 we can
rewrite H

:—+—m+1mw2 (1+a)X?+(1-a)Y?) (11)

and the exact spectrum is

1 1
E(nx,ny) = hw\/l + a(nx + 5) + hw\/ 1-— a(ny + 5) (12)



d. The exact states in Taylor expansion are

Eoozlﬁw(\/1+a+\/1—a)zhw (13)
Ejp ~ hw(1 + )(1+ )-I-hw(l——)(O—l— )—2hw+;a7iw (14)
By = hao(1+ 5)(0+ 5) Fho(l - )1+ %) = 2 — %ahw (15)

in agreement with perturbation theory.

e. Let ¢12(x) be the wave function associated with the deformed Hamiltonian (1) with
the 2 lowest eigenvalues hw and 2fuw — afiw /2 respectively. For 2 identical electrons the
two lowest energy states are

1
d=1 E=2w:  ¢i(1)p1(2) —=

751> —141>) (16)

d=4 E:Bhw—lahw:

1

(P1(1)p2(2) + pa(1)p1(2)) 7 (| 4> = I1>)

SR

(e1(1)pa(2) — pa(L)r 2)( = (14> 41 11>), |u>) a7)



Question 2: Quantum Mechanics

An electron of charge e and mass m, is subject to a uniform magnetic field Bpz" and

has its spin along the positive z-axis. At t = 0 an additional time-dependent
magnetic field is switched on in the transverse plane with

B, (cos(wt)% + sin(wt)f (1)

a) Write down the Schrodinger equation for this time-dependent problem
and solve it.

b) Whatis the probability in time to find the electron with its spin along the
negative z-axis, and for what frequency is the spin flip maximum?

(Assume zero orbital momentum)



Solution

a. The Schrédinger equation in the spin-% basis is

LAY _ e ( B, Ble““">|\y(t)>

ot 2me B_Leiwt —By

with the initial condition |¥(0)) = | T). The solution is

[ e @t2(cos(yt/2) +i((w — 2wo)/y)sin(yt/2)
¥(®) = ( —2i“t/2(w, /7y)sin(yt/2) )

with wo = |e|Bo/2m, and w, = |e|B, /2m, and

7= (w200 + 02’

b. The spin flip probability in time is

4w, t
Py(t) = — in® 7—)
1(#) (w—2w0)2+4wism (2

The spin flip is resonant or maximum for w = 2wj.

(3)

(4)

(5)

(6)



Question 3: Quantum Mechanics

A particle in an infinite cubic well.

(a) Find the exact energies and wave functions of the ground and the
first excited states and specify the degeneracies for the infinite
cubic potential.

0 O<z<L,0<y<L,0<z<L

oo otherwise

Viz,y,2) = {

Now add the perturbation to the infinite cubic well:
H, = VoL?(x — L/4)6(y — 3L/4)0(z — L/4)

(b) Using the first order perturbation theory, calculate the energy of
the groundstate.

(c) Using first order degenerate perturbation theory, calculate the en-
ergy of the first excited state.
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Note that the exact first excited state is three fold degenarate : E_112=E_121=E_211 in an
obvious notation: phi_(n_x, n_y, n_z)(x,y,z).






Question 4: Quantum Mechanics

Find the differential and total cross sections of slow particles (small
velocity) from a spherical delta potential V' (r) = Vod(r — a). You may

use partial wave analysis.
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Question 5: Classical Mechanics

A non-relativistic particle with mass m and electric charge e moves in a two-dimensional plane
(with Cartesian coordinates x, y), under the influence of a constant uniform magnetic field
pointing in the z-direction, B = (0, 0, B), and an inverted harmonic oscillator potential,

1
V(z,y) = —§mw2(9€2 +97)

a) Write down the Lagrangian for this system in zy-variables.
b) Derive and solve the corresponding Euler-Lagrange equations.
c¢) Discuss the stability of motion near the point (x,y) = (0,0) as a function of m, e, w, B.



a) The Lagrangian is given by the coupling of a particle of mass m and electric charge e
to a constant magnetic field B perpendicular to the xy-plane,

1
L= ém(j:? +92) 4+ eA - x—V(z,y)

We choose the gauge A, = —%By and A, = +%Bx, so that the Lagrangian is given by,
Lo oy 1 . . Lo 9 2, 9
L= ém(:c + )—|—§eB(xy—y:L*)+§mw (2° + y?)
b) The Euler-Lagrange equations are given by,

mi — eBy — mw?x = 0
mij + eBi — mw?y = 0

c¢) This system of equations is linear with constant coefficients, so the solutions are,

()= () (7 e Y () o

where xy and yo are independent of ¢. The four eigenvalues A solve the quartic equation,

ieB\®> e?B2 ieB\*> e?B2
(( Qm) +4m2 u)) << +2m) +4m2 “
When w? < e2B?/4m?, the four eigenvalues are purely imaginary, all solutions are oscillatory
and thus “stable”. When w? > e¢?B?/4m? there are two a run-away mode which drives the

particle indefinitely off the potential hill, as would be the case for zero magnetic field, and
the system is “unstable”. A sufficiently strong magnetic field has a stabilizing effect.




Question 6: Classical Mechanics

Consider a particle of mass ‘m’ moving in a plane under the action of a central
force with potential U(r).

Write down the generating function of a canonical transformation the description
of the motion to a reference frame rotating counter clockwise at an angular
frequency €2 . Write down the new Hamiltonian and the relationship between the
new and old coordinates and momenta. Write down the equations of motion in the
rotating frame.



Consider a particle of mass ‘m’ moving in a plane under the action of a central
force with potential U(r).

Write down the generating function of a canonical transformation the description
of the motion to a reference frame rotating counter clockwise at an angular
frequency €2 . Write down the new Hamiltonian and the relationship between the

new and old coordinates and momenta. Write down the equations of motion in the
rotating frame.

pr p@ +U(r)
2m 2mr?

In the rotating frame the relation between new and old coordinates is:
R=r,;0=60-Qt

Take for the form of the generating function F(r,&;Pg, Pg)
OF [OPg =0 =60 -Qt

F =Pg(6—Qt) +rPy

OF 106 = pyg =Pg; OF [0r = p, = Py.

H'=H +0F/ot=H -QPF,

Py . RS
H=—"+ +U(R) - QP
om  omR? (R) ©
. Po
O=—2_O:P,=0
mR? °"
R —— aU —t—F P® R:PR/m

oR mRB’



Fall 2019
Physics Comprehensive Exam

September 17, 2019 (Part 2) 9:00 - 1:00pm

Part 2: Electromagnetism and Statistical Mechanics
6 Total Problems/20 Points Each/Total 120 Points

e Closed book exam.

e Calculators not allowed.

e Begin your solution on the question page.

e Use paper provided for additional pages. Use one side only.

e Write your name on each pageof your response pages, including the
question page.

e Return the question page as the first page of your answers.

e When submitting, please clip all pages together in question # order.

e If a part of any question seems ambiguous to you, state clearly your
interpretations and answer the question accordingly.



Question 7: Electromagnetism

A point charge g is located a distance d from the center of a conducting sphere of radius R.

What must the total charge on the conducting sphere be for the force on the point charge to
be zero?

+q d




Solution

Image charge solution. There are two images, one located a distance d’ = R?/d from the
center of the sphere with g/ = —gR/d, and one at the center of the sphere (7").

The force on the point charge is zero if:

qR/d qll

(d—R2/d)? ~ &

y qRd
T (@2—R22

The total charge on the sphere is then:

_ o 9R _ 4R at
Q=07 =3 <(d2—R2)2 1



Question 8: Electromagnetism

An electron is bound to a spring with spring constant k, the electron is free to move in three
dimensions.

(a) Calculate the scattering cross section for linearly-polarized EM waves of frequency w
incident on the electron.

(b) In what limit for the incident wave frequency should the total cross section equal the
Thomson scattering cross section? Take this limit and confirm that it results in the
Thomson scattering cross section.

(c) In what limit should the total cross section yield Rayleigh scattering? Take this limit
and confirm that the cross section is consistent with Rayleigh scattering (what is the
frequency dependence you expect?)



(a) SOLUTION: Without loss of generality, I can consider a plane wave with polarization in
the £ direction. The equation of motion for the electron in the plane wave is then:

moy, = —kx — eE, exp(—iwt)

We’ll assume that we have time harmonic plane waves and that the response of the electron
in the long time limit is at the same frequency of the wave (strictly speaking we’d need some
damping here to kill off the initial transient at the resonant frequency, but we can consider
this as the limit of very small damping coefficient). Then the solution for the position of the
electron as a function of time is:

_ —eE, exp(—iwt)
m(wg — w?)

This gives us the oscillating dipole moment of the electron, which we can use to compute
the time-averaged power radiated by the electron:

4r2, 4 4r2, 4
o (.2 Hoe*Egw 2 Hoe” Egw

P = _ = t =

(Praa) <67TC i > 6rtm2c (w? — w?)* {cos™(ewt)) 127rm2c (w2 — w?)?

The total scattering cross section is defined as:

<Pmd>
<Sinc>

Where (S;y.) is the time averaged Poynting flux of the incident wave:

g =

1
(Sine) = EceoEg

So the cross section is then:

poetwt 1 et 1
67tE,m2c? (2 — w?)*  6regmAict (2 — w?)?

We can simplify this by using the classical electron radius:

e2

fo= ——
47te,mc?

Then the cross section becomes:

3 (@i«

(b) SOLUTION: The correct limit is w > w,, where w, is the resonant frequency of the
electron-spring system. In this limit, the electron behaves like a free particle. Taking this
limit in our expression above yields:



871 ,
—r —7
unpol ws>w, 3¢

(@)

Which is the Thomson scattering cross-section.

(c) SOLUTION: The correct limit is w < w,, where w, is the resonant frequency of the
electron-spring system. In this limit, you find an w* dependence in the scattering cross-
section (leading to the blue sky explanation):

4
87T Hw

o —r ——V,—
< >unpol w<w, 3 ew§



Question 9: Electromagnetism

Consider a dielectric slab waveguide, i.e. a dielectric volume of index of refraction n,; delimited
by two planes —a < x < a and infinitely wide in the other two directions surrounded by
dielectric of index of refraction n, (4; = p, = Uy). Study the propagation of transverse electric
(TE) waves in the z-direction in this system (i.e, assume E(x,z,t) = E (x)e!("#=®0y ),

a) Write down the wave equation for E(X) in each region of the slab.

b) Look for even solutions (i.e. invariant for x — -x) with fields decaying outside the guide.
Apply the boundary conditions at the interfaces to obtain expressions for electric and
magnetic fields in the guide.

c) Calculate the cut-off frequencies in this guide (i.e. the frequencies for which the wave is no
longer guided by the dielectric slab). What is the lowest frequency that can propagate in this
guide?
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Question 10: Electromagnetism

A Halbach quadrupole is made by assembling segmented permanent magnet pieces where the

magnetization vector is rotated through 6m as one travels around the azimuth, as shown below.

\\ //
By \

AN

In order to calculate the magnetic field of this magnet, approximate the magnetization vector as a
continuous function of ¢ as follows

M = My(=psin(2¢) + @ cos(2¢))
for r; < p < 1, and zero elsewhere. Assume the magnet to be infinitely long in the z direction.

a) Calculate the magnetization currents.
b) Calculate the magnetic field in the vicinity of the axis (i.e. for p < 1;)
c) Calculate the magnetic field outside the quadrupole (i.e. for p > 1)

Hint: In order to solve this problem calculate first the magnetic field due to an azimuthal current
sheet K = K, sin 2¢ ¢ located at p = a and recall the general solution of the Laplace equation
for the magnetic scalar potential in 2D polar coordinates.
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Question 11: Statistical Mechanics

Consider an ideal gas of Niot particles in a box of volume Viot, in the classical regime. We
focus on a fixed sub-volume, perhaps in a corner of the box, of volume V << Vot . On
average, it contains (N) = N,V /Vio¢ particles.

Derive an expression for the probability that the sub-volume contains exactly N particles,
in terms of the parameters of the problem. Also, find an expression for the relative rms

fluctuations of N, i.e. for the quantity ((N — (N))?)*/2/(N) .
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Question 12: Statistical Mechanics

Consider a system of electrons whose density of states per unit volume (for one electron) is
D(e) as a function of energy e. We shall assume D(g) = 0 for all € < 0. The system is in
equilibrium at arbitrary temperature 7'and chemical potential p.
(a) Derive a formula for the specific heat at constant volume Cyin terms of the Fermi-Dirac
occupation number and the density of states D(¢).
(b) For arbitrary D(e) obtain Cyto leading non-zero order for strong degeneracy.
[Hint: Your result will be a function of the temperature, the volume, and the density of
states at the Fermi energy.|
(c) Compute D(e) for a system of free non-relativistic electrons.
(d) Obtain Cy for a system of free non-relativistic electrons at low temperature.

The following integral may be useful,

00 ZE2 71'2
/ o T
oo (eTFe™)2 24



(a) In terms of the one-electron density of states per unit volume D(e) and the Fermi-Dirac
occupation number the total number of electrons /N and the internal energy F are,

B o D(e) 1
N“VA de e 11 B =17

g - v [ g_cPl)
0 65(6_“) —+ 1

Since the function D(e) is independent of temperature (but may involve V' which is held
constant in computing C'y ), the specific heat is obtained by differentiating the Fermi-Dirac
occupation number and we find,

_OE
- aT

_ V7 ce-wDE)
v kT2 Jo (eBEe=m/2 4 e=Ble=p)/2)?

Cv

(b) Strong degeneracy corresponds to low temperatures. The denominator is then responsible
for concentrating the support of the integral over € near i, so we may extend the integration
region to —oo and, to leading order, evaluate D(e) at € = u. The parity of the remaining
integral allows us to replace the factor € in the numerator by € — pu, so that we end up with
the following expression,

Co - VD(u) /°° i (e — p)?

- kT2 (eBE=m/2 4 e=Ble=m)/2)?

—00

Changing variables from ¢ to x with € = pu + 2kTx gives,

00 2

Q2 r
Cy = 8K*TVD(u) /_OO P

Using the value of the integral stated in the problem, and the fact that for small temperatures
we have = po + O(T?), with pg defined by,

1o
N:V/ d= D(c)
0
we approximate this result by setting D(u) = D(po), so that the final result is given by,
1
Cy = §7r2k2TVD(,uO)

(c) The density of states for a non-relativistic free particle is given by

3, 13 gV (2m)3/2 [
o [ Gorp e = fm) = g [ e s




where g = 2 for the electron. Thus, we conclude that

7wg(2m)3/?
Do) = ZOE V2

d) For low T, formula (0.1) gives pg as a function of the number density,

N _ dng ( 2mpo |
V3 \(27h)?

so that the specific heat takes the form,

& _ mkT (4mgV 2/3
Nk 4k2 3N

and is linear in T as expected.





