Fall 2018
Physics Comprehensive Exam

September 17, 2018 (Part 1) 9:00am - 1:00pm

Part 1: Quantum Mechanics and Classical Mechanics
6 Total Problems/20 Points Each/Total 120 Points

e Closed book exam.

e Calculators not allowed.

e Begin your solution on the question page.

e Use paper provided for additional pages. Use one side only.

e Write your name on EACH of your response pages, including the question
page.

e Return the question page as the first page of your answers.

e When submitting, please separate each question and clip pages together
in order for each question. Turn in each question to corresponding box.

e If a part of any question seems ambiguous to you, state clearly your
interpretations and answer the question accordingly.
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1. Quantum Mechanics

A particle of charge ¢ is subjected to a magnetic field B = B2Z.

(a)

Consider the symmetric gauge for the vector potential

B
A = S (=yi + z7)
and show that it correctly gives the magnetic field. Write down
the Hamiltonian in the symmetric gauge and define

Q= cpy +qyB/2), P = (p, — qBx/2c)

1
5 (
q
Show that the commutator [@, P] = if. (c is the velocity of light)
Show that H in terms of P and () becomes a one-dimensional

harmonic oscillator problem, where w = ¢B/mc. Find the energy
eigenvalues.

Write down the harmonic oscillator annihilation operator a in
terms of the complex coordinates z = z + iy and 2* = x — iy and
show that the ground state wave function is given by y(z, z*) =
u(z, z*) exp|—qBzz*/4hc] and u is an arbitrary analytic function
Zu(z,2*) = 0, for example, u(z,2*) = z". (n is an arbitrary
positive integer).

Hint: The Cauchy-Riemann conditions for the analyticity of a function

fis f=U(r,y) +V(r,y)is & =2 and & = -

dy ER
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2. Quantum Mechanics

A spin-1/2 particle precesses in a magnetic field Boz at the frequency
wo= vBy. Now we turn on a small transverse radiofrequency field given by

B = B cos(wt)& — By sin(wt)y.
so that the total field is B = By cos(wt)z — By sin(wt)y + By

(a) Construct the 2 x 2 Hamiltonian matrix for this system.

(b) Let x(t) = (Zéf))) be the two component spinor at time ¢. Show
that

@: [ (Qeiwtb+w0a>’ @: ‘

- E —iwt
dt 2 g = 3 (e a—wb),

where () = vB;.

(c) Now simplify the equations by the substitutions a(t) = A(t)e™0!/?
and b(t) = B(t)e~™0*/2 to find the equations for A(t) and B(t).
Solve these equations at the resonance by setting w = wy. Decouple
them by taking another derivative. Apply the the initial condition
a(0) = 1 and b(0) = 0 and sketch the probability of a transition to

spin down, as a function of time. Can arbitrarily small By flip the
spin at resonance? Explain your answer.

Hint: The spin-1/2 matrices are:

R0 1 B0 —i R{1 0
S“’”‘i(l 0)’ y_§(i 0 )’SZ_§<0 —1)'
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3. Quantum Mechanics

a) Consider the lattice translation operator
T (a) = exp(—iaP/h)

Where a is a constant and P is the momentum operator Show

that TT(a) X T(a) —r4a

b) Show that T'(a) is unitary and show that T(a) has eigenvalues of of the form ¢'® where
¢ is real (You can assume that P is hermitian).

c) Consider the family of Hamiltonians which are periodic under shifts by a:

P? o0
H = 5 + > V(x—na)

n——oo

Here you can assume that V' (x) goes exponentially fast to zero as |z| — oo (This assump-
tion makes the sum over n convergent). You can also assume that V (x) can be
expanded in a power series.

By examining the lattice translational symmetry of H or otherwise, prove that the
Hamiltonian H has eigenstates | E, k) where k is a real parameter, which satisfy

H|Ek = E|Ek
(0.1)

and are such that the wave functions in position space defined by the following
combinations
up(zr) = e **(x | E, k)

are periodic functions with period a, i.e.

up(r + a) = ug(r)

What is the significance of the parameter k7
This is Bloch’s theorem for periodic potentials (i.e. an energy eigenstate can be written
as a Bloch wave times a periodic function).
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4. Quantum Mechanics

Consider a two-level system with unperturbed energy levels such that

Ho[1) =¢€1)
Hy 2) = —€|2).

Add a perturbation with off-diagonal elements only

v o (VI Ay oV
v 2vi2) Ve o)
a) What are the exact eigenvalues of the total Hamiltonian, H = Hg + V?
b) Assuming the perturbation is small, i.e. V < ¢, expand the exact energies to 2nd order
LV
in ~.
c¢) Show that this agrees with the results of 2nd order non-degenerate perturbation theory.

d) If € — 0 the levels are degenerate. How do the exact energy eigenvalues depend on V in
this case?

e) Show that for € # 0,V > e the energy eigenvalues are linear in V.

f) In atoms and molecules, the field-free energy eigenstates are also eigenstates of parity.
Show that the perturbation from applying an electric field £ in the dipole approximation
(iie. V=—d & = —er- &) has only off-diagonal elements.

g) In atoms, opposite parity states have energy separations much bigger than the Stark
energy shifts due to an electric field that can be applied in the laboratory. How does the
Stark shift depend on £ in this case?

h) In chemistry you are typically taught that molecules have dipole moments and thus energy
shifts linear in an electric field (i.e. AE = —d - £). Given that truly degenerate energy
levels rarely (if ever) exist, how do you reconcile this?
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5. Classical Mechanics

Consider a point mass m sliding on a wire defined by the function z = f(r), where r = /a2 + y2.
The wire has a fixed shape and is rotating about the z-axis with an angular velocity w. Consider

the gravitational acceleration g (acting towards —Z) and ignore any friction.

o A z=1(r)

\ 4
-

(a) Write down the Lagrangian L(r,7,t) for the mass.

(b) Using (a), find the equation of motion for r(¢). Then let 7y be the (constant) radius of a fixed
circular orbit. Derive the expression of a requirement in terms of f(r) at r = 9. (Hint: show that
f'(ro)/ro equals to some constant.)

(c) Consider a small change in the circular orbit r(t) = ro + €(t). What is the condition on f(r) in
order to have a stable circular orbit at r = ro?

(d) From the Lagrangian, find the Hamiltonian H (7, p,t), where p is the canonical momentum. Is

the Hamiltonian conserved?



(a)

Without the wire constraint, the Lagrangian is:

1 1 1
L= imf’z + §m22 + §mw2r2 —mgz.

With the wire constraint, it becomes:

1 1 1
L= §m7'“2 + imf'(r)%'”z + imw2r2 —mgf(r).

(b)
Using the Lagrange’s equation %% — %—f = 0, we find the equation of motion:

FILA f/(r)?] + 72 f () f'(r) = wPr + g f'(r) = 0.

On a fixed orbit r = rg, ¥ = ¥ = 0. Together with the equation of motion, it thus requires

f'(ro) Wj

70 g

(c)

Expanding in terms of = ry + € to the leading order in €, the equation of motion becomes:
€1+ f'(ro)?] + [9.f" (ro0) — w’le = 0.

In order to have a stable orbit, the effective spring constant that is proportional to

(9" (r0) — w?] / [1 4 f'(r0)?] must be positive, therefore
f'(ro) > ?/g.

(d)
Using the canonical momentum p = % = m#[1 + f'(r)?], the Hamiltonian can be obtained:
2

1
14 — —mw?r? + mgf(r),

B b Sl 76~ 2

which is time-independent (with fixed w and f(r)) and thus conserved.



Physics - Comprehensive Exam Name:
Fall 2018

6. Classical Mechanics

(Thas 1s a classical mechanics problem where we do not consider radiation effects).
Consider a particle of charge q and mass m in a uniform magnetic field B=Bz.

a) Write the non-relativistic Hamiltonian for the particle and find and integrate the
equations of motion.

b) Write the relativistic energy — momentum relation for the particle. Guess or anyway
write down the relativistic Hamiltonian for the particle i the uniform magnetic field, and
find the equations of motion.
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Fall 2018
Physics Comprehensive Exam

September 18, 2018 (Part 2) 9:00am - 1:00pm

Part 2: Electromagnetism and Statistical Mechanics
6 Total Problems/20 Points Each/Total 120 Points

e Closed book exam.

e Calculators not allowed.

e Begin your solution on the question page.

e Use paper provided for additional pages. Use one side only.

e Write your name on EACH of your response pages, including the question
page.

e Return the question page as the first page of your answers.

e When submitting, please separate each question and clip pages together
in order for each question. Turn in each question to corresponding box.

e If a part of any question seems ambiguous to you, state clearly your
interpretations and answer the question accordingly.

physics + astronomy
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1. Electromagnetism

A spherical shell of radius R is uniformly charged so that the charge per unit area on the
surface is 0. You take a sword and chop off the very top of the sphere, so that there is a
hole at the apex with polar opening angle &, as shown below.

(a) In the limit that the angle « is small (so that the diameter of the opening is much smaller than
the radius of the sphere), calculate the electric field at the center of the sphere

(magnitude and direction)?

(b) Assuming the same limit, calculate the electric field at point P in the diagram (in the opening,
at the location where the apex of the sphere used to be before I sliced off the top)?



[2.] A spherical shell of radius R is uniformly charged so that the charge per unit area
on the surface is 0. You take a sword and chop off the very top of the sphere, so that there is
a hole at the apex with polar opening angle «, as shown below.

(a) If the angle « is small (so that the diameter of the opening is much smaller than the
radius of the sphere), what is the electric field at the center of the sphere (magnitude
and direction)?

SOLUTION: We solve this by superposition. We superimpose the electric field gener-
ated by two different charge distributions: (1) E; due to a complete spherical shell with
uniform charge density ¢ and (2) E; due to a uniformly negatively charged spherical
cap (charge density o) with radius of curvature R and with extent in the polar angle «.
Adding these two together gives me the charge distribution shown in the figure.

The first of these two objects produces no electric field at the center of the sphere (in fact,
it produces no electric field for any r < R. So we just need to deal with the negative
spherical cap.

The problem statement lets us consider the leading order contribution from the cap (we
are told that the cap is very small compared to R). The leading term in the electric field
from the cap will be the monopole term; so we can treat the field like that from a point
charge located at the apex of the sphere. The total charge of the cap is the surface area
times —c. The surface area of the cap is:

27 «
A= Rz/ dcp/ sin0d6 = o27tR?(1 — cos ) ~ 7a’R?
0 0
The field at the center of the sphere is then:

oA
=~ 722
47e,R

The field points up, toward the opening.



(b) What is the electric field at point P in the diagram (in the opening, at the location where
the apex of the sphere used to be before I sliced off the top)?
SOLUTION: The field at point P is again the superposition of the fields from the two
charge distributions. For whole spherical shell, the electric field just above the sphere
at point P is:

N
E1 above = 2 Zo

You can get the above from knowing the field of the whole sphere is the same as if a
point charge of total charge ¢4t R? was sitting at the origin (center of the sphere). You
can also get it from the jump condition for E at the surface.

Z- (El,above - E1,be10w) =
0
And you use Ej pelow = 0; the field below is made zero by contributions from elsewhere
on the sphere.
The field at point P due to the cap can be obtained the same way. If the cap is small, so
that we can treat it as a small disk/plane, then the field just above and just below the

plane is:
o
Ezabove = =52
,above 260
and
o

2

EZ,below = gz
0

If the cap were large, this answer would not be correct — the cap would have too much
curvature and the field would not be the same as an infinite plane (e.g. take the limit
of the cap being the whole sphere, and you get zero electric field under the surface at
point P).

We add these two together to find the same field above and below point P (we had
better as there is no charge there to introduce a discontinuity!):

(2N
Ep=—2
2€,
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2. Electromagnetism

A solenoid of radius R with n turns per unit of length carries a stationary current I. Two hollow
cylinders of length | are fixed coaxially and freely rotating. One cylinder of radius a is inside
the coil (a< R) and carries the uniformly distributed charge Q. The outer cylinder of radius b
( b>R) carries the charge —Q. If the current is switched off the cylinders start to rotate.

a) Calculate the angular momentum of each cylinder.
b) Calculate the total angular momentum at the end and explain where it is coming from.
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3. Electromagnetism

Calculate the scattering cross section for unpolarized light of a small dielectric sphere (electric

susceptibility y) of radius a. (a << 4)
a) First calculate the induced dipole moment of a sphere in an external field.
b) Then use this induced dipole to calculate the radiated power and then the cross section

¢) What changes for a ~ A? (Do not calculate the cross section, just qualitatively explain the
difference with respect to the main case of this problem and what approach you would follow to
calculate this).

d) Can you estimate the cross section in the opposite limit a >> A?
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4. Electromagnetism

a) An infinitely long straight wire of negligible cross-sectional area with a uniform linear
charge density ¢q is at rest in the inertial frame K’. The frame K’ moves with a speed
v = [c, where c is the speed of light, along the direction of the wire with respect to the
laboratory frame, K. Write down the electric and magnetic fields in cylindrical coordinates
in the rest frame of the wire. Using the Lorentz transformation properties of the fields,
find the components of the electric and magnetic fields in the laboratory.

b) What are the charge and current densities associated with the wire in its rest frame?
In the laboratory?

c) From the laboratory charge and current densities, calculate directly the electric and
magnetic fields in the laboratory. Compare with the results of part a).
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5. Statistical Mechanics

Consider a gas of classical and non-interacting atoms in thermal equilibrium at temperature 7" in
a container of volume V' and surface area A. Each atom in the 3D bulk has zero potential energy,
but when absorbed on the surface, has a negative potential energy —FEy and can be treated as a
2D ideal gas. Each atom has a mass m.

(a) Find the free energy Fp and chemical potential up for the bulk gas with Np atoms.

(b) Find the free energy Fg and chemical potential pg for the surface gas with Ng atoms.

(¢) Compute the surface density o(p,T') = Ng/A in terms of the bulk density p = Np/V and T.
What is the value of ¢ in the limit of A — 07

(Hint: N!~ NV /eN)



(a)

2 2 2
For the 3D bulk gas with Np atoms, the energy is simply kinetic, i.e. £ = Do ¥Dy+P:

2m

1 (V\VE
~ Npg! (Ad) ’
where A\ = h/y/2mmkpT is the thermal wave length. This leads to a bulk free energy (using
N!= NV /eN):

. The canonical

partition function is:

tum o [ [ o o)™ 2 L [mbry
Np! R3JV

Np

Np\3
Fp=—kgTlnZp ~ NgkpTIn < f;/ > ,
e

and a bulk chemical potential:

(b) We proceed similarly to calculate the same quantities for the 2D surface gas with an energy

2 2
per atom E = Prtby _ FEy. We have:

2m
2 2N, N

Zs = L | [ P —wir TR _ 1 (A S,

Ng! |) n/L Ng! \ 22

Ng\?

Fg = —kBTanSstkBTln< :A )—NSEO,

OFg Ng\2

= 5 N kpTI — .

Hs dNg B H( A 0

()

Equating the chemical potentials, we have:

- NpA3 W NsA?\ By
v ) A kT’

Rewriting with Ng = 0 A and N = pV and rearranging terms, we arrive at

olp,T) = M e’f!TOT
PE)= V2rmkpT

Thus, in the limit of A — 0, ¢ — 0.
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6. Statistical Mechanics

Carnot cycle with a photon gas.

a) Consider a photon gas in a piston of volume V' with walls in equilibrium with a reservoir
at temperature 7. Show that the energy density, U/V, is proportional to 7*. Hint:
Consider the energies of the photon modes of a box and their occupation probability.

Also you may use
o) £L‘3 7T4
/ dr = —.

b) Show that the pressure is given as P = %U /V. Does the pressure depend on volume at
constant T? Why or why not?

¢) Show that under adiabatic expansion V17 = const. What is v?

d) Prove whether or not an engine can be built, using the photon gas as a fluid, that realizes
the maximum Carnot cycle efficiency of

B Useful work _1 T.
= Heat flow into the system T

where T, and T}, are the temperature of the cold and hot reservoirs, respectively.




















