
Comprehensive exam, Fall 2010

1. Quantum Mechanics

A particle of mass m moves in a one dimensional potential

V (x) =

{
−αδ(x) −∞ < x < x0

+∞ x > x0

where α > 0 and x0 > 0.

a) For E < 0 find the solutions of the time independent Schroedinger equation in the regions
I : −∞ < x < 0 and II : 0 < x < x0. Do not worry about normalizing the wavefunction.

b) What is the boundary condition at x = x0 and what is the matching condition at x = 0?

c) Using these results, find an equation to determine the energy(s) of possible bound state(s).
How many bound states do exist ? Explain your reasoning.

d) What happens in the limit x0 → 0 ?
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2. Quantum Mechanics

Three Hermitian 256× 256 matrices, Mi with i = 1, 2, 3, are known to obey the commu-
tation relations [M1,M2] = iM3 (and its two cyclic permutations). The eigenvalues of M1

are as follows: ±2, each with multiplicity 1; ±3/2, each with multiplicity 8; ±1, each with
multiplicity 28; ±1/2, each with multiplicity 56; and 0, with multiplicity 70. Derive the 256
eigenvalues of the matrix M2 ≡ M2

1 + M2
2 + M2

3 , (i.e. obtain its different eigenvalues, and
their multiplicities).
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3. Quantum Mechanics

A collection of N � 1 electrons are confined to the interior of a semi-infinite square tube
of cross sectional area A, as shown. The tube is in a gravitational field, characterized by
the gravitational acceleration g, as shown in the figure. Ignoring interactions between the
electrons, compute the approximate volume of the tube occupied by the electrons.

Due to quantum mechanical uncertainty, the “occupied volume” is not uniquely defined,
so as part of your answer you should state how you are defining it. Use any simplifications
appropriate to the N � 1 limit.
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4. Quantum Mechanics

A particle moves on a 1-dimensional periodic lattice with 2N sites labeled by an integer
n = 1, . . . , 2N . We write |n〉 for the state in which the particle occupies the nth site.
These states form an orthonormal set, and satisfy 〈n′|n〉 = δn,n′ for 1 ≤ n, n′ ≤ 2N . The
Hamiltonian is defined by

〈n|H|n〉 = A0(−1)n

〈n+ 1|H|n〉 = 〈n|H|n+ 1〉 = A1

all other matrix elements of H being zero. Here, A0 and A1 are real constants, and lattice
periodicity is realized via the relation |2N + 1〉 = |1〉. We define operators K and T by

K|n〉 = (−1)n|n〉
T |n〉 = |n+ 1〉

(a) Prove that the operators K and T satisfy KT + TK = 0 and [K,T 2] = 0;

(b) Express H in terms of K and T , and show that H commutes with T 2;

(c) Compute, in terms of the states |n〉, the simultaneous eigenstates |±, `〉 of K and T 2,
such that K|±, `〉 = ±|±, `〉, and the integer ` labeling the eigenvalues of T 2;

(d) Show that the states |±, `〉, found in (c), may be normalized so that

T |±, `〉 = eiπ`/N |∓, `〉 ` = 0, 1, · · · , N − 1

(e) Compute the eigenvalues of H and their multiplicities.
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5. Quantum Mechanics

Although one encounters local potentials most frequently, some non-local potentials are
useful and lead to simple and interesting dynamics. This problem is about such a non-
local potential for which an exact solution may be obtained for all values of the coupling λ.
Consider the 3-dimensional Hamiltonian H with non-local potential V , given by

H =
p2

2M
+ V 〈r′|V |r〉 = −λh̄

2

2M
u(r′)u(r)

where r = |r|, r′ = |r′|, and u(r) is a real-valued function. Throughout this problem, derive
your results for all (real) values of the coupling constant parameter λ.

(a) Write down the integro-differential equation obeyed by a wave function ψE(r) at energy
E, in terms of the function u(r).

(b) Show that only the s-wave is affected by this interaction.

(c) Establish the Lippmann-Schwinger equation, in integral form, for the scattering of an
incoming plane wave of wave vector k.

(d) Show that the scattering amplitude f(k′,k) is given by

f(k′,k) = 4πλ|v(k)|2
[
1 +

2λ

π

∫
d3q

|v(q)|2

k2 − q2 + iε

]−1
where v(k) is the Fourier transform of u(r), given by, v(k) = 1

k

∫∞
0
dr r sin(kr)u(r),

and where k = |k| and q = |q|.

Formulas and notations:

The Lippmann-Schwinger equation for a local potential is

ψk(r) = φk(r) +

∫
d3r′G(r, r′,k2)U(r′)ψk(r′) V (r) =

h̄2

2M
U(r)

where φk is the normalized incoming free wave, given by

φk(r) =
eik·r

(2π)3/2

The Green function is defined by (∆ + k2)G(r, r′;k2) = δ(3)(r, r′), and is given by

G(r, r′,k2) =

∫
d3q

(2π)3
eiq·(r−r

′)

k2 − q2 + iε
= − eik|r−r

′|

4π|r− r′|

The scattering amplitude f is defined by (r = |r|, k = |k|),

ψk(r) =
1

(2π)3/2

[
eik·r + f(k′,k)

eikr

r

]
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6. Statistical Mechanics

When electrons are confined to move in a two-dimensional plane (e.g. in a semiconductor
quantum well or heterostructure), they will form a triangular lattice if their density is too
low. Such a state is called a Wigner crystal. The transverse vibrations of such a crystal
are similar to those of the ionic lattice, but the longitudinal vibrations satisfy ω~k = a

√
k as

a result of the unscreened long-ranged Coulomb interaction between the electrons. What
is the contribution to the low-temperature specific heat of a Wigner crystal coming from
longitudinal vibrations?
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7. Statistical Mechanics

Calculate the speed of sound c in an ideal gas for two cases: (a) isothermal compression
and (b) adiabatic compression. Recall the general hydrodynamic relation

c =

√
dP

dρ
,

where P is the pressure and ρ the mass density of the substance. Express your answer in
terms of Boltzmann’s constant kB , temperature T , mass of the constituent particles m, and,
for part (b), the adiabatic exponent γ defined through the relation PV γ = const.

(c) Would the sound propagate faster in a gas of H (hydrogen) atoms or rigid H2

molecules, at the same temperature? By how much?
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8. Statistical Mechanics

Consider a system composed of N � 1 identical but distinguishable noninteracting
atoms, each of which has only two nondegenerate energy levels: 0 and ω > 0. Let ε = E/N
be the energy per atom.

(a) What is the maximum possible value of ε if the system is not necessarily in equilibrium?
What is the maximum value for ε attainable for the system equilibrated at positive temper-
atures? Please answer the same question for negative temperatures.

(b) In the case of thermodynamic equilibrium, compute the entropy per atom, s = S/N , as
a function of ε.

(c) Over what range of ε is the temperature positive, and over what range is it negative?
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9. Statistical Mechanics

A parallel plate capacitor consists of two square plates, each of area a2, separated by
the distance d. The first plate, which is located at z = 0, is made of conducting metal
and is grounded. The second plate, which is located at z = d, is made of dielectric and is
maintained at a positive potential V with respect to the metal plate. The whole system is
at some very high temperature T so that the electrons emitted from the hot metal of the
first plate form a dilute gas which is in equilibrium and which fills this capacitor. There
is no conductivity of electrons between the gas and the dielectric plate. Assume that the
capacitor is so large (a >> d) that the edge effects can be disregarded.

(a) Write out the system of equations and boundary conditions that determines the potential
ϕ (z), and the density of electrons n (z), inside the capacitor as functions of z (d > z > 0).
Note: since in equilibrium there is no net flux of electrons across z = 0, you may assume
that n(z) has vanishing gradient there.

(b) Assuming a weak potential, |eV |kT << 1, find ϕ (z) and n(z) inside the capacitor to first

order in eV
kT .
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10. Electromagnetism

Consider a point charge q located at x = −a facing a dielectric of dielectric constant
ε > 1 which fills the half infinite space defined by x ≥ 0.

a) Using the method of image charges, find the electric field ~E(~r).

b) Imposing continuity of components of ~D and ~E, express the image charge(s) in terms of
ε and q.

c) Discuss the limiting cases ε → 1 and ε → ∞ of this problem. What is/are the images
charge(s) in these two cases ?
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11. Electromagnetism

A wheel consisting of a large number of thin conducting spokes is free to pivot about an
axle. A brush makes electrical contact with one spoke at a time at the bottom of the wheel.
A battery of voltage V feeds current through an inductor into the axle, through a spoke, to
the brush. A permanent magnet provides a uniform magnetic field B into the plane of the
paper. At time t = 0 a switch is closed, allowing current to flow. The radius and moment
of inertia of the wheel are R and J respectively. The inductance of the current path is L,
and the wheel in initially at rest. Neglecting friction and resistivity, calculate the current
and angular velocity of the wheel as functions of time.
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12. Electromagnetism

A semicircular wire of radius R is centered at the origin, while straight segments extend
to infinity along the X-axis, as shown below. A uniform current I is suddenly turned on at
t = 0, remaining constant thereafter.

(a) Calculate the vector ( ~A ) and scalar potential (V ) as a function of time at the origin.

(b) Calculate ~E and ~B as a function of time at the origin.
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13. Electromagnetism

An isolated conducting sphere of radius a is placed inside a thin conducting spherical
shell of radius b. The centers of the two spheres are not coincident, but are instead displaced
from each other by a small distance δ, with δ � a, b. The total charge of the inner sphere is
q, and the outer sphere is grounded. Find the distribution of surface charge σ on the inner
sphere and the force F acting on it, to first order in δ.
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14. Electromagnetism

A plane electromagnetic wave with wavelength λ is incident on a rectangular aperture of
width 2wx×2wy. A 2D detector is placed in the far field to measure the diffraction intensity
(i.e. the Fraunhofer approximation holds).

(a) Calculate the diffraction intensity on the detector.

(b) Plot the diffraction intensity distribution along the horizontal axis and verify the Heisen-
berg uncertainty principle.
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phonon number is not conserved; they are bosons akin to photons. therefore we use BE description with chem potential = 0
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