
Comprehensive exam, Fall 2011

1. Quantum Mechanics

Consider a particle in the ground state of an infinitely deep square potential well of
width a in one dimension. What is the probability distribution function for the particle to
have momentum in the range (p, p+ dp)?
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2. Quantum Mechanics

A collection of hydrogen atoms in the ground state is contained between the plates of
a parallel plate capacitor. A voltage pulse is applied to the capacitor so as to a produce a
homogeneous electric field

E = 0 t < 0 , E = E0e−t/τ t > 0

a) After a long time, t� τ , what fraction of the atoms will be in the |n = 2, ` = 1,m = 0〉
state? Assume that E0 is small, and work to lowest nontrivial order in E0.

b) Working to the same order in E0 as in part (a), what fraction of the atoms are in the
|n = 2, ` = 0,m = 0〉 state?

Relevant hydrogen atom wavefunctions ψnlm(r, θ, φ) are

ψ100 =
1√
πa30

e−
r
a0 , ψ210 =

√
3

8πa30

(
1− r

2a0

)
e−

r
2a0 cos θ

where a0 is the Bohr radius. You may express your answer in terms of any convenient
variables, e.g. the Bohr radius, fine structure constant, etc.
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3. Quantum Mechanics

Consider a three dimensional harmonic oscillator

H0 =
p2

2m
+

1

2
mω2r2

a) Find the energy and degeneracy of the first excited state of H0.

b) The perturbation
H1 = λ(xy + yz + zx)

is added. Find the corrections to the energy and to the states, to first order in λ, for all the
states consider in (a).
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4. Quantum Mechanics

We consider a quantum system of 3 distinguishable spin 1/2 particles (for example one
may be an electron, the second a proton, and the third a neutron), whose spin operators

are denoted by ~S1, ~S2, ~S3, with components Sa1 , S
a
2 , S

a
3 for a = 1, 2, 3. The Hamiltonian is,

H = α ~S1 · (~S2 × ~S3)

where α is a real constant.

(a) Show that the total angular momentum operator ~S = ~S1 + ~S2 + ~S3 commutes with H.

(b) Calculate the energy and multiplicity of the states with total angular momentum 3/2.

(c) Determine the remaining eigenvalues of H and their respective multiplicities.
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5. Quantum Mechanics

A non-relativistic particle of mass m is scattered by the central potential

V (r) = − h̄2

ma2
1

cosh2(r/a)

where a is a constant.

a) Reduce the Schrödinger equation for the s-wave to the following equation,

d2φ(x)

dx2
+

2

cosh2 x
φ(x) + α2φ(x) = 0

For each value of α2, this equation has the following two solutions,

φ±(x) = e±iαx
(
tanhx∓ iα

)
b) Calculate the s-wave contribution to the total scattering cross section.

c) Does this system possess any bound states ? Justify your answer.

Useful Formulas:

ψk(r) =
1

(2π)3/2

[
eik·r + f(k′,k)

eikr

r

]
eik·r =

∞∑
l=0

il(2l + 1)jl(kr)Pl(cos θ)

f(k′,k) =

∞∑
l=0

(2l + 1)
e2iδl − 1

2ik
Pl(cos θ)
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6. Statistical Mechanics

In this problem you are to determine the density of particles n(z) in the atmosphere as
a function of height z. Assume that the atmosphere is made up of an ideal gas of particles
of mass m. Also, you may assume that the atmosphere is at a uniform temperature T , and
that the gravitational field g is constant.

a) Consider a thin layer of atmosphere at height z. Taking into account the gravitational
potential energy, calculate the Helmhotz free energy of the layer.

b) Obtain an expression for the chemical potential

c) Use the equilibrium condition on µ(z) between layers (under exchange of particles) to
derive a differential equation and solve for the density n(z). Express your result in
terms of n(0).
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7. Statistical Mechanics

Consider an idealized crystal that has N lattice points, and the same number of inter-
stitial positions (places between the lattice points where excited atoms can reside). Let E
be the energy necessary to displace an atom from a lattice site to an interstitial position
and let n be the number of atoms occupying interstitial sites in equilibrium (at a finite
temperature).

a) What is the entropy S of this crystal?

b) What is the temperature T of this crystal?

Assume that n� 1 and N − n� 1.
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8. Statistical Mechanics

Consider two identical particles in a box of volume V , under conditions such that classical
(Boltzmann) statistics applies. The particles interact through the potential:

U(r) =

{
−ε , r ≤ b
0 , r > b

where r is the distance between the (point-like) particles.

a) Calculate the average pressure at temperature T (ignore the fact that the fluctuations
in this quantity are large due to the presence of only two particles).

b) For ε > 0 comment on the physical meaning of your result in the limits ε/T � 1 and
ε/T � 1.
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9. Statistical Mechanics

A gas that deviates slightly from ideal behavior exhibits an equation of state given by

pν = RT − a

ν

where p is the pressure, T is the absolute temperature, R is the gas constant, “a” is a small
constant coefficient, and ν is the volume per unit mole, i.e. ν = V/Nm. The system consists
of N particles corresponding to Nm moles.

a) Deduce the dependence of the partition function Z on volume for this gas.

b) Use your knowledge of the perfect ideal gas to identify the fully normalized partition
function for this system. The answer should include the proper quantum normalization
for phase-space and account for indistinguishability. The particle mass is m.

c) If the average energy for this system is given by E = 3
2NmRT + a

N3
m

V , find the specific
heat at constant pressure, i.e. cp . Give your answer in terms of T and ν.
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10. Electromagnetism

A small sphere of polarizability α and radius a is placed at a great distance from a
conducting sphere of radius b, which is maintained at a potential V relative to infinity. Find
an approximate expression for the force on the dielectric sphere valid for r � a.
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11. Electromagnetism

A thin spherical shell of radius R has a constant surface charge density σ and is rotating
with angular frequency ω. Find the magnetic field inside and outside the shell.
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12. Electromagnetism

A plane polarized electromagnetic wave E = E0e
i(kz−ωt)x̂ is incident normally on a flat

uniform sheet of an excellent conductor (σ � ωε0) having a thickness D.

a) Assuming that in space and in the conduction sheet µ/µ0 = ε/ε0 = 1, calculate the
amplitude of the transmitted wave and of the reflected wave

b) Calculate the amount of light absorbed by the metal in the approximation D →∞

Hint: for the complex index of refraction of a metal you can use n2 = 1 + iσ/ωε0
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13. Electromagnetism

Consider a conducting sheet of thickness 2a along the x-direction and having conductivity
σ. It is forced to carry a uniform current density j along the z-direction. The current sheet
is surrounded by two parallel walls at a distance b from the center of the sheet. The walls
can be considered to be perfect conductors at zero electrostatic potential. The sheet and
the walls can be approximated as infinite in the other two dimensions (y, z). Here (x, y, z)
refer to a Cartesian coordinate system with origin at the center of the sheet. The region
between the current sheet and the walls is vacuum.

a) Find the electric field vector everywhere in this system.

b) Find the Poynting vector inside and outside the current sheet for x > 0.

c) Use conservation of energy to deduce the value of the perpendicular component of the
Poynting vector at the surface of the sheet, i.e. at x = a.
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14. Electromagnetism

a) Consider a point particle with some mass and charge subjected to static gravitational and

electric fields ~g and ~E, as produced by some arrangement of static external particles.
Prove that it is impossible for the point particle to be held in stable equilibrium
(Earnshaw’s theorem).

b) Now consider a diamagnetic (i.e. µ < µ0) sphere in a constant gravitational field ~g and

spatially varying magnetic field ~B(~x). Show that stable equilibrium is possible for
such a situation. You may use the following approximate formula (valid for |χ| � 1)
for the magnetic moment of a sphere of radius a

~m = −
|χ| 43πa

3

µ0

~B(~x)
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Sticky Note
There should be a square here.
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Sticky Note
There is a contribution from Et which I don't think can be ignored.

Hector
Sticky Note
By definition, this should be squared.
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