Comprehensive exam, Fall 2009

1. Quantum Mechanics

A particle of mass m in three dimensions is subject to the following potential

A
V=B, ety
r
We can form the following dimensionless combination: A = 722’;4.

a) Compute the ground state energy for A < 1, including the first subleading correction
for small A.

b) Repeat for A > 1.
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2. Quantum Mechanics

A particle of mass m and charge ¢ sits in a three-dimensional harmonic oscillator po-
tential, V = %kz(m2 +1y? +2%). At t = —co the particle is in the ground state. It is then
perturbed by a spatially uniform time dependent electric field, E(t) = Ege~t/ T)Qﬁ, where
A and 7 are constants, and 7 is a unit vector. Calculate to lowest order in perturbation
theory the probability that the oscillator is in an excited state at ¢t = 4-oc0.
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3. Quantum Mechanics

_ Consider a one-dimensional simple harmonic oscillator (SHO) governed by a Hamiltonian
Hy and known eigenvalues €, and eigen-kets |n).

= P ety
2m 2
Holn) = enln)
€n = hwo(n+1/2)

We add a small perturbation, f[o —H= fIO +V with V = A32 and A > 0.
a) Compute the matrix elements (n|V|n/).
b) Compute the energy shifts in first and second order perturbation energy.

¢) The SHO with the perturbation V,H,is again a simple harmonic oscillator. Compute
the exact eigenvalues of H and compare with your result of b).
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4. Quantum Mechanics

Consider a system of two distinguishable spin 1/2 particles, whose spins are labelled S;
and S5, and whose dynamics is governed by the Hamiltonian

H = JS;S; + B(S* + 52)

where J and B are real couplings. Calculate the spectrum exactly for all values of B and J.
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5. Quantum Mechanics

Confinement of a heavy quark anti-quark pair may be described by an attractive potential
proportional to their inter-distance. We study a one-dimensional model for this effect, whose
Hamiltonian in the center of mass of the two quarks is given by,

2
a
2u  2p

Here, p is the reduced mass of the system, and a > 0 is a constant.
a) By using the variational method and a one parameter family of trial wave functions,

= JA=lal) el <A
Vlash) = {0 2| > A

for A > 0, estimate the ground state energy.

b) How can the variational method be used to estimate the energy of the first excited
state as well 7 Present an appropriate one-parameter family of trial wave functions.

c¢) Estimate the energy of the first excited state using (b).
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6. Statistical Mechanics

A wire of length ¢ and mass per unit length p is fixed at both ends and tightened to
tension 7. What is the rms fluctuation, assuming classical statistics, of the midpoint of the
wire when it is in equilibrium at temperature 77

The following series may be helpful:

4 2

> 1 71' > 1 s =1 =1
Y EmPT s X EmriT % w6 mism

m=1
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E Statistical Mechanics

Show that for independent particles the fluctuations in occupation number ny of the
single-particle state k is given by:

((Ang)?) =T—=

for Boltzmann, Fermi, and Bose statistics. Here ((Ang)?) = ((ny, —nx)?), 7r = (ni), and p
is the chemical potential.
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E Statistical Mechanics

We are interested in the magnetic susceptibility, x, of a system composed of N identical
molecules. The ground state of the molecule is diamagnetic, i.e. the two electrons occupying
the highest molecular orbital are in a spin singlet state. The first excited state is a triplet
state with excitation energy of A. All other excited states and the interaction between the
molecules can be neglected.

a) Calculate the temperature dependence of the susceptibility. Discuss the low and high
temperature limits.

b) What difference would you expect if the first excited state puts one of the electrons
onto the next orbital whose energy is higher (while allowing the two electrons to be
in either the singlet or triplet configuration)?

c¢) Can these two scenarios be distinguished on the basis of a measured x(T') curve? If
yes, how would you analyze the data?
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E Statistical Mechanics

A rubber band can be modeled by a one-dimensional chain of linked segments, as shown
in the figure. The segments cannot come apart. Any given element has two states: the
“long” state, contributing a distance a to the total length of the band, and a “short” one
contributing a distance b. The chain is in contact with a thermal reservoir of temperature 7.
The only thermal motion of the elements is flipping between the long and short states. Let
us denote the number of segments in the long and short states by N; and Ny respectively.
The total number of segments, N = N; + N, is constant.

/ «b & -
i ~-*"O:::C:%D<:cj:3"-- —_—

Figure 1:

a) What is the total length of the chain, if there is no energy difference between the long
and short states?

b) One end of the chain is fixed, and the other end is pulled by an external force F.
What is the length L of the chain in the limit of 7" = 0?7 What is the length if the
temperature is very high? What is the sign of the thermal expansion coefficient?
(Justify your answers with short statements; no calculation is necessary.)

¢) We characterize the state of the system by a single parameter, x = (N; — N,)/N. For
a given value of x, determine the entropy of the chain.

d) Determine the length of the chain at arbitrary temperature. Discuss the low and high
temperature limits.

e) In what temperature range is Hookes’s law (F = kAL/L, where AL is the change of
length due to the application of force) valid? What is the spring constant x?
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10. Electromagnetism

A particle of mass m; and charge ¢; approaches with velocity v and impact parameter
r an initially stationary particle of mass ms and charge go. Assume v < ¢ and miv?,
mav? > q1g2/r. Calculate the total energy radiated away by the particles in the dipole

approximation.
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Electromagnetism

A linearly polarized plane wave of frequency w with electric field parallel to the z-axis
travels in the positive z direction in a conductor with €, u, and real conductivity o, such
that o > ew. Hint: The notation r = \/“5%is convenient in this problem.

d*w

y qdv due to

Find the instantaneous and time averaged power loss per unit volume
resistive heating for any z.

Find the total power loss per unit area, <£TW@>’ between z = 0 and z = cc.

Find the time averaged Poynting vector at any z.

Compare the value of your result for b) with the magnitude of your result in c)
evaluated at z = 0. Is the answer reasonable? Explain
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@. Electromagnetism

A conducting sphere of radius R is placed in the field of a point charge ¢ at a distance
a > R from the center of the sphere. Find the potential ¢ and the induced surface charge
o on the sphere, if

a) The potential of the sphere is V' (assuming that potential ¢ (r — 00) = 0).
b) The total charge of the sphere is Q.

c¢) Finally, represent the potential ¢ as a superposition of the contribution of several
point charges.
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B. Electromagnetism

A non-relativistic particle of charge ¢, mass m, and energy F is scattered on a conducting
sphere of radius R placed at the origin. The sphere doesn’t move and is grounded. Find the
cross-section for the particle to fall onto the sphere (neglect radiation losses by the particle).

Hint: The notation o = (47}60 %) % is convenient for this problem.
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@. Electromagnetism

Consider a gas-filled, rectangular waveguide of transverse dimensions a = 10 cm, b = 6
cm. The relative dielectric permittivity of the gas is €/ep = 1.0005, and one may neglect
magnetic effects.

a) A wave is launched in the lowest cutoff frequency w. TEjg-mode, having angular
frequency w = 1.25w,.. What is w? Find the wavelength in the guide.

b) At a certain point, the gas ionizes, producing a plasma having electron density ng.
Assuming that the permittivity is described only by the plasma response, what is the
minimum value of ny needed to cut-off propagation?
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1. Quantum Mechanics

A particle of mass m in three dimensions is subject to the following potential

A .
V=-=4Br, P=z’4+y?+2°
r i
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We can form the following dimensionless combination: A = %—‘}33— ',,.——-{ r

a) Compute the ground state energy for A < 1, including the first subleading correction

for small A.

-

b) Repeat for A > 1.
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9. Statistical Mechanics

A rubber band can be modeled by a one-dimensional chain of linked segments, as shown
in the figure. The segments cannot come apart. Any given element has two states: the
“long” state, contributing a distance a to the total length of the band. and a “short” one
contributing a distance b. The chain is in contact with a thermal reservoir of temperature 7.
The only thermal motion of the elements is flipping between the long and short states. Let
us denote the number of segments in the long and short states by N; and N, respectively.
The total number of segments, N = Ny 4+ N, is constant.

b a
/ &) «—> F

Figure 1:

a) What is the total length of the chain, if there is no energy difference between the long
and short states?

b) One end of the chain is fixed, and the other end is pulled by an external force F.
What is the length L of the chain in the limit of 77 = 07 What is the length if the
temperature is very high? What is the sign of the thermal expansion coefficient?
(Justify your answers with short statements: no caleulation is necessary.)

¢) We characterize the state of the system by a single parameter, z = (N; — N,)/N. For
a given value of z, determine the entropy of the chain.

d) Determine the length of the chain at arbitrary temperature. Discuss the low and high
temperature limits.

e) In what temperature range is Hookes's law (F' = kAL/L, where AL is the change of
length due to the application of force) valid? What is the spring constant x?
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