
1. Classical Mechanics 

 

A planet of mass m is moving in a gravitational central potential around a Sun of mass M. 
Assume M >> m. 

a) Write down the Lagrangian and the Euler-Lagrange equations for the polar variables r,�   
in the plane of motion.  

b) Use the substitution � � � �� to write down a differential equation  for the trajectory u(�).  
c) What is the equilibrium solution of this equation? What does it represent? 
d) If the planet is not initially on the equilibrium orbit, there will be small oscillations 

around the equilibrium point. What is the period of these oscillations? 
e) Assume there is a perturbing potential V  = -B/r2 , calculate the effect of this perturbation 

on the orbit. 
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Question 2: Classical Mechanics

Consider the classical field theory in one space dimension, parametrized by the coordinate
x, with a single real scalar field φ(t, x), governed by the following action,

S[φ] = S0

∫

dt dx

(

1

2
(∂tφ)

2 −
c2

2
(∂xφ)

2 − ω2(1− cosφ)

)

Here, ω and c are a real constants, respectively with dimensions of frequency and velocity.
The overall constant S0 has dimensions of angular momentum divided by velocity.

(a) Use the variational principle to obtain the Euler-Lagrange equation for φ(t, x), and
give the expression for the total energy E of a general field configuration.

(b) Consider solutions to the Euler-Lagrange equation of (a) of the form,

φ(t, x) = f(y) y = γ(v)(x− vt)

for arbitrary constant velocity v. Show that it is possible to choose γ(v) such that f (as a
function) is governed by an equation which independent of v; determine this γ(v), and the
corresponding solution(s) f such that cos (f(±∞)) = 1, and f(+∞) 6= f(−∞).

(c) Derive the relation between the total energy E of the solution and its velocity v, and
show that this relation is the relativistic one. Derive the mass of the soliton.

Solution to Question 2

(a) Under an infinitesimal variation δφ of φ, the variation of the action is given by,

δS[φ] = S0

∫

dt dx
(

− ∂2
t φ+ c2∂2

xφ− ω2 sinφ
)

δφ

where we have freely integrated by parts on δφ. Thus the Euler-Lagrange equation is,

∂2
t φ− c2∂2

xφ+ ω2 sinφ = 0

The momentum canonically conjugate to φ is ∂tφ, so that the total energy is given as follows,

E = S0

∫

dx

(

1

2
(∂tφ)

2 +
c2

2
(∂xφ)

2 + ω2(1− cosφ)

)

(b) For a field configuration of the form φ(t, x) = f(γ(x− vt)), we have

∂2
t φ = γ2v2f ′′

∂2
xφ = γ2f ′′

where the prime denotes the derivative with respect to the argument of f . The Euler-
Lagrange equation on these configurations reduces to,

−γ2(c2 − v2)f ′′ + ω2 sin f = 0 (0.1)



The equation becomes independent of v when we choose the v-dependence to be,

γ =

(

1−
v2

c2

)−
1

2

(0.2)

The dependence on c is not uniquely determined by (0.1), but was chosen here so that γ is
dimensionless. Choosing a different c-dependence of γ amounts to redefining f . With the
choice made in (0.2) for γ, the variable y becomes the spatial coordinate in the rest frame
of the solution, under a relativistic change of frame by a Lorentz transformation. With the
above choice of γ in (0.2) equation (0.1) becomes,

−c2f ′′ + ω2 sin f = 0 (0.3)

which is indeed independent of v. To integrate the equation, we multiply it by f ′ and
integrate, which gives the following first integral of motion,

−
1

2
c2(f ′)2 + ω2(1− cosφ) = µ2 (0.4)

for an integration constant µ. (You can think of −µ2 as total energy of a mechanical system
where cf ′ stands for time derivation.) Using now the boundary conditions as y → ±∞, we
conclude that µ = 0. Taking the square root of the equation gives the equations,

f ′

2
= ±

ω

c
sin

f

2
(0.5)

Integrating this trigonometric solution, we find,

tan
f

4
= e±ωy/c f(y) = 4 arctan(e±ωy/c)

(c) Using equation (0.5) with µ = 0, we find the following simplified formula for the energy,

E = S0

∫ +∞

−∞

dx c2(∂xφ)
2 = S0γ

2c2
∫ +∞

−∞

dxf ′(γ(x− vt))2 = S0γc
2

∫ +∞

−∞

dyf ′(y)2

By construction, the last integral is independent of the velocity v, so that the relativistic
rest mass M of the solution is given by,

M = S0

∫ +∞

−∞

dyf ′(y)2 = ±
2ωS0

c

∫ f(+∞)

f(−∞)

df sin
f

2
=

8ωS0

c

so that we have the relativistic kinetic formula, E = γMc2. The second equality above was
obtained by using equation (0.5) for one factor of f ′. Note that we only make use of the
boundary conditions to evaluate the mass, and do not need the full analytical solution for f .
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QUESTION 2: QM Scattering

Consider the scattering of a particle of mass m from two identical potential centers that
are some distance a⃗ apart. i.e. consider the potential

U(r⃗) = U0(|r⃗|) + U0(|r⃗ − a⃗|) (0.12)

Where U0(r) is a (rotationally symmetric) potential for scattering from one center. For this
problem work in the (first) Born approximation.

a) Express the scattering amplitude f(q) for the scattering from two centers in terms of the
scattering amplitude from one center alone.

b) The potential (0.12) can be used as an approximation of the scattering of electrons of a
diatomic molecule. Find an expression for the differential cross section for the scattering of
a diatomic molecule in terms of the differential cross section of the mono-atomic gas.
Hint: To do this you have to average over all possible directions of the separation vector a⃗
since all orientations of the diatomic molecule occur with the same probability.

c) Find the relation of the total cross section for the diatomic molecule and the monoatomic
gas in the limit of low energy scattering.

QUESTION 2: Solution

a) The scattering amplitude in the first Born approximation is given by the following integral

f(q⃗) = − m

2πh̄2

∫

d3x
(

U0(|x⃗|) + U0(|x⃗− a⃗|)
)

e−iq⃗·x⃗

= − m

2πh̄2

∫

d3xU0(|x⃗|)e−iq⃗·x⃗
(

1 + e−iq⃗·⃗a
)

(0.13)

= f0(q)
(

1 + e−iq⃗·⃗a
)

(0.14)

Note that since U0 is rotationally symmetric the single center scattering amplitude only
depends on the magnitude of q = |q⃗|.
b) The differential cross section is given by square of the scattering amplitude

dσ

dΩ
= |f(q)|2

= 2(1 + cos q⃗ · a⃗)|f0(q)|2 (0.15)

For the scattering of electrons from a diatomicmolecule we can approximate by the (screened)
potential of the two cores. Since the orientation of the separation of the cores is random in
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a gas we to get the differential cross section one has to average over all directions a⃗ since f0
only depends on q the f 2

0 term is not affected and one uses

cos(q⃗ · a⃗) =
1

4π

∫

cos(q⃗ · a⃗)dΩ

=
sin |q⃗||⃗a|
|q⃗||⃗a| (0.16)

Hence the differential cross sections of the diatomic and monoatomic gas are related as
follows

dσ

dΩ
= 2

(

1 +
sin |q⃗||⃗a|
|q⃗||⃗a|

)dσ0

dΩ
(0.17)

c) For low energy scattering one has that |q⃗||⃗a| << 1 and hence

lim
|q⃗||⃗a|→0

sin |q⃗||⃗a|
|q⃗||⃗a| = 1 (0.18)

And hence
dσ

dΩ
∼ 4

dσ0

dΩ
(0.19)

After angular integration this implies

σtot = 4σ0,tot (0.20)

The total cross section for the diatomic gas is four times the cross section for the monoatomic
gas in the low energy approximation.
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QUESTION 3: QM Angular momentum and perturbation theory

Consider the Hamiltonian for a rigid rotator

H =
L2
1

2I1
+

L2
2

2I2
+

L2
3

2I3
(0.21)

Here Li are the angular momentum operators and Ii, i = 1, 2, 3 are constants denoting the
moments of inertia around the three axis.

a) For the case of the symmetric top, I = I1 = I2 and I3 ̸= I1 and one has

H0 =
L2
1

2I
+

L2
2

2I
+

L2
3

2I3
(0.22)

derive the energy levels and their degeneracies.

b) For a slightly asymmetric top the Hamiltonian can be approximated by

H = H0 +
∆

I

(

L2
2

2I
− L2

1

2I

)

(0.23)

where ∆ << I and ∆ << I3. Calculate the corrections to the energy for the states with
l = 1 to first order in ∆.

Note: Please calculate all matrix elements you need from the basic properties of angular
momentum.

QUESTION 3: Solution

a) We can rewrite the Hamiltonian H0 in terms of L⃗2 and L2
3 as follows

H0 =
1

2I
(L2

1 + L2
2 + L2

3) +
( 1

2I3
− 1

2I

)

L2
3 (0.24)

For eigenstates | l,m⟩ of L⃗2 and L3 one finds

H0 | l,m⟩ =
(

h̄2

2I
l(l + 1) +

I − I3
2I3I

h̄2m2

)

| l,m⟩ (0.25)

For generic values of I, I3 the states with m ̸= 0 are two-fold degenerate as | l,m⟩ and
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| l,−m⟩ have the same energy eigenvalue. The state with m = 0 is non degenerate.

b) It is useful to express the perturbation in terms of raising and lowering operators using
the following identities

L2
+ = (L1 + iL2)

2 = L2
1 + i(L1L2 + L2L1)− L2

2

L2
− = (L1 + iL2)

2 = L2
1 − i(L1L2 + L2L1)− L2

2 (0.26)

And hence

H1 =
∆

I

(

L2
2

2I
− L2

1

2I

)

= − ∆

4I2
(L2

+ + L2
−) (0.27)

• Since the state | l = 1,m = 0⟩ is non degenerate we can apply non degenerate perturbation
theory.

E(1)

l=1,m=0 = − ∆

4I2
⟨l = 1,m = 0 | (L2

+ + L2
−) | l = 1,m = 0⟩ (0.28)

Which vanishes since L2
± | l = 1,m = 0⟩ = 0, hence the first order correction is zero.

• Since the states | l = 1,m = ±1⟩ are degenerate we have to apply degenerate perturbation
theory. We have to evaluate the matrix element

(

⟨m = 1 | H1 | l = 1,m = 1⟩ ⟨m = 1 | H1 | m = −1⟩
⟨m = −1 | H1 | l = 1,m = 1⟩ ⟨m = −1 | H1 | l = 1,m = −1⟩

)

=

(

0 −∆h̄2

2I2

−∆h̄2

2I2 0

)

(0.29)
Where we have used the fact that

⟨l = 1,m = −1 | L2
− | l = 1,m = +1⟩ = 2h̄2, ⟨l = 1,m = 1 | L2

+ | l = 1,m = −1⟩ = 2h̄2,
(0.30)

The first order correction to the energies are the given by the eigenvalues of the above matrix
and hence

E(1)

l=1,m=±1 = ±∆h̄2

2I2
(0.31)
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2014 Comprehensive Exam (YT)

1. QM1

A particle with spin s and magnetic moment µ = γs (where γ is the gyromagnetic ratio)
is subjected to magnetic field B, so that its Hamiltonian is given by

H = −µ ·B .

Cartesian spin projections si obey the usual commutation relations:

[si, sj] = i!ϵijksk ,

where ϵijk is the antisymmetric Levi-Civita tensor, and we implied summation over the re-
peated index k.

If the spin is measured to point along the y direction at t = 0, such that ⟨s⟩ = sy (where
s is the magnitude of the spin and y is the unit vector pointing along y), find its expectation
value along the x axis, i.e., ⟨sx⟩, for t > 0. Let us orient the frame of reference such that
B = Bz (where B is the magnitude of the magnetic field and z is the unit vector pointing
along z).

Solution: Using the equation of motion in the Heisenberg picture,

ds

dt
=

i

! [H, s] ⇒ dsi
dt

=
i

!γB[si, sz] ,

we see that
dsx
dt

= ωsy and
dsy
dt

= −ωsx

where ω = γB. Defining s+ = sx + isy, we have

ds+
dt

= −iωs+ ,

which is solved by ⟨s+⟩ = ise−iωt, for the expectation value, according to the stated initial
condition. We finally find

⟨sx⟩ = Re⟨s+⟩ = s sin(ωt) .
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Question 8: Statistical Mechanics

Consider equilibrium between a solid and a vapor made up of the same monoatomic
molecules. It is assumed that an energy ϕ is required per atom for transforming the solid
into vapor atoms. For simplicity, use the Einstein model for the vibrations of atoms, i.e.
assume that each atom is represented by a three-dimensional harmonic oscillator performing
vibrations with angular frequency ω about its equilibrium position, independently of the
other atoms. Evaluate the vapor pressure at equilibrium at temperature T .

Solution to Question 8

We denote by Ns and Ng respectively the number of atoms in the solid and in the
gas. We use the canonical ensemble where the independent variables are T, V,N . The
partition function Zg(T,Ng) for the gas is that of an ideal gas in volume V with Ng atoms
at temperature T , namely,

Zg(T, V,Ng) =
V Ng

Ng!

(

mkT

π~2

)
3

2
Ng

The partition function Zs(T,Ns) for the solid is that of Ns three-dimensional harmonic
oscillators of frequency ω and binding energy −ϕ, and is give by,

Zs(T,Ns) = Z1(T )
Ns

Z1(T ) = eϕ/kT ×

(

e−~ω/2kT

1− e−~ω/kT

)3

= eϕ/kT
(

2 sinh
~ω

2kT

)−3

Note that the Einstein model treats the oscillators as distinguishable, as the underlying
atoms are. The total partition function is given by Z = ZgZs. Equilibrium is attained by
minimizing the total free energy −kT lnZ as a function of Ng (or equivalently maximizing
Z) while keeping Ng +Ns fixed. In the limit of large Ng, we use Sterling’s formula, and find

∂ lnZg

∂Ng
= lnV − lnNg +

3

2
ln

(

mkT

π~2

)

∂ lnZs

∂Ng
= −

ϕ

kT
+ 3 ln

(

2 sinh
~ω

2kT

)

Hence the equilibrium equation ∂ lnZg

∂Ng

+ ∂ lnZs

∂Ng

= 0 gives,

Ng = V

(

mkT

π~2

)
3

2

e−ϕ/kT

(

2 sinh
~ω

2kT

)3

≈ V

(

mω2

πkT

)
3

2

e−ϕ/kT

p = kT

(

mkT

π~2

)
3

2

e−ϕ/kT

(

2 sinh
~ω

2kT

)3

≈ kT

(

mω2

πkT

)
3

2

e−ϕ/kT

where we have used the ideal gas law pV = NgkT for the gas pressure p. The approximation
listed on the right side corresponds to the classical value, in the limit where ~ω ≪ kT .
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3. SM

Consider an ensemble of diatomic molecules, such that each atom has three internal en-
ergy states ϵ = 1, 0,−1 (in some units), independently of the other atom. The total energy
of the molecule is U = ϵ1 + ϵ2. Calculate the ensemble averages ⟨U⟩ and ⟨U2⟩ at a given
temperature T .

Solution: For a single atom, we have

⟨ϵ⟩ = e−β − eβ

Z
and ⟨ϵ2⟩ = e−β + eβ

Z
,

where Z = 1 + eβ + e−β is the partition function (β−1 = kBT ). For the full molecule,

⟨U⟩ = ⟨ϵ1⟩+ ⟨ϵ2⟩ = 2⟨ϵ⟩ = 2
e−β − eβ

Z

and
⟨U2⟩ = ⟨(ϵ1 + ϵ2)

2⟩ = ⟨ϵ21⟩+ ⟨ϵ22⟩+ 2⟨ϵ1⟩⟨ϵ2⟩ = 2(⟨ϵ2⟩+ ⟨ϵ⟩2)

= 2

[

e−β + eβ

Z
+

(

e−β − eβ

Z

)2
]

=
2

Z2

[

e−β + eβ + 2(e−2β + e2β)
]

.
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1. Consider a two-dimensional gas of particles of mass m sliding (without
rolling) on a table as shown in the figure above. There is a constant gravitational
field −gẑ directed normal to the surface of the table as shown in the figure. The
table is flat expect for a step of height h that runs parallel to the y-axis. There
is an impenetrable wall along the top of the step except for a small slot of width
a through which the particles may pass. In thermal equilibrium at temperature
T and when the slot in the ramp is open so that particles can be exchanges
between the two levels, the area density (number of particles) on the lower and
upper parts of the table are n1 and n2 respectively. In the following you may
assume that the particles are much small than the slot’s width a and each may
be treated as an ideal gas.

a) (5 points) Calculate the equilibrium value of the ratio of n2
n1

∣

∣

∣
eq in terms

of the parameters given.

b) (5 points) Now assume that the density of the particles on the right and
left sides are given by ñ2 and ñ1 respectively. Calculate the rate R1→2 at which
particles pass through the slot from side 1 to side 2 in thermal equilibrium in
terms of these densities and the parameters given above. Calculate the analo-
gous rate from particles going from side 2 to side 1 R2→1.

c) (5 points) From your answer in part b, determine the ratio ñ2/ñ1 required
to make the net flux of particles through the slot vanish. Compare this to your
answer in part a. Explain in one sentence what this means.
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Problem 1 (E&M) 

A horizontally polarized plane wave of wavenumber k is incident normally on a 
thin birefringent crystal of thickness � � � �

���� where �n is the difference in the 

indexes of refraction for the fast and slow axes of the crystal. The fast axis of the 
crystal is oriented at an angle � with respect to the laser polarization. 

a) Assuming perfect transmission, calculate the horizontal and vertical 
component of the electric field of the output plane wave as a function of �.  

b) For what � angles is the output wave linearly polarized?  
c) For what � angles is the output wave circularly polarized? 
d) What happens if I double the length of the crystal? 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

Electromagnetism
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14. Electromagnetism 
 
An infinitely long perfectly conducting straight wire of radius r carries a constant current i 
and charge density zero as seen by a fixed observer A. The current is due to an electron 
stream of uniform density moving with relativistic velocity u. A second observer B travels 
parallel to the wire with relativistic velocity v. As seen by the observer B: 

 
a) What is the electromagnetic field?  
b) What is the charge density in the wire implied by this field?  
c) With what velocities do the electron and ion streams move?  
d) How do you account for the presence of a charge density seen by B but not by A?  

�
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Solution to problem #3 

 

 



 


